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Preface

Lectures on Quantum Mechanics will, in most cases, stop at Clebsch–Gordan
coefficients and, perhaps, mention the Wigner–Eckart Theorem. Any student
venturing beyond this limit into the theory of atomic states will, of course, be
immediately confronted with further coupling coefficients of higher order.

Once familiar with these concepts and quantities, it is quite natural to
seek and explore the conditions and options available. Drawing from our own
experiences, we realized that a text like this introduction could encourage and
facilitate getting deeper into the subject. However, an introductory chapter
presents notation, relations between and symmetry properties of, more or less,
familiar coupling coefficients as a bridge-head into unknown territory.

The graphical representations and methods for treating and manipulating
higher-order coupling coefficients represent the main topic of this book. Al-
though the graphical theory presented here has been around for some time, it
has, perhaps, not received the attention it merits.

Starting from the simplest building blocks we gradually introduce more
complex elements. Initially the emphasis is on the equivalence between al-
gebraic and graphical representations, but later we shift to solving problems
with the help of graphical methods. The solutions to these problems are de-
rived in a step-by-step manner to provide the option of self-study. Most of
the results are known from the literature, but it would be negligent not to
demonstrate that the power of the graphical method enables one to transcend
the set of known results, as we do in a few cases.

The final, and rather difficult, chapter is devoted to an application of the
graphical theory within a calculation relevant in the area of atomic physics.
There we demonstrate the elegance and superiority of the graphical method in
deriving a result for which the algebraic method is only a theoretical option.

This book contains, perhaps, less written text than might be expected but
many more figures. It is thus obvious that the diagrams represent an essential
part of the presentation and merit detailed study. We have tried hard to
provide enough explanatory figure captions to soften the impact of complex
diagrams.



X Preface

Only the future will tell whether we were successful in compiling a useful
and reader-friendly book, as was our intention. Although great care was ex-
ercised in the preparation of text and diagrams, we have to accept the blame
for all errors escaping unnoticed in the final copy.

Vienna and Wantage Ewald Balcar

June 2009 Stephen W. Lovesey

PS: Looking back, it could be said, this project may have started a long
time ago, when we had first contact with coupling coefficients in quantum
mechanics. For one of us (E.B.) it was his teacher, mentor and friend Prof.
Otto Hittmair, who introduced him to these strange entities, that govern
even stranger nuclear reactions. In later years both authors had the privilege
of working as postdocs with Walter Marshall (later Lord Marshall of Gor-
ing), and again, we encountered these vector coupling coefficients as essential
ingredients of many-electron wave functions describing magnetic neutron scat-
tering.

On and off through the years, due to our mutual influence and collabora-
tion, familiarity with the vector coupling coefficients of higher rank increased
and culminated in the developments of a program1 for the algebraic values of
these coefficients as a tool for theoretical physicists working in this field.

It was only in recent past, when the focus of our work shifted from neu-
trons to x-rays, that we became aware of the potential and promise offered
by mastering the graphical technique for manipulating vector coupling coef-
ficients. In order to profit from this potential one has, however, to suffer the
labours of the plain acquiring enough skills before attempting to climb. The
urge to facilitate the hard work by providing a ‘how-to’ manual for mastering
the graphical theory of angular momentum supplied the primary momentum
for assembling the material collected in this book.

1 In order to obtain this Windows program please contact one of the authors by
e-mail.
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1

Introduction

1.1 Historical Background

The theory of angular momentum in quantum mechanics is central to atomic
and nuclear physics. In applications of the theory, one deals with methods of
coupling and recoupling states described by quantum numbers which contain,
in most cases, angular momenta (spin and orbital) and and their projections.
Pioneer work on the subject has been done during the first part of the 20th

century and a useful collection of reprints can be found in Biedenharn and Van
Dam [1]. Of special note are applications of the theory to the interpretation
of atomic spectra underpinned by the definitive contribution of Condon and
Shortley [2] and, later, seminal work by Racah [3] that now is a bedrock of
atomic and nuclear physics.

In the second half of the 20th century a rising number of books contributed
to the continuous evolution of the theory of angular momentum, see Edmonds
[4], Rose [5] or Brink and Satchler [6], and its application to atomic spec-
troscopy, Judd [7], and the nuclear shell-model de Shalit and Talmi [8], to cite
just an incomplete selection.

The rising power of electronic computing provided the basis for the cre-
ation of extensive tabulations of Rotenberg et al. [9]. At the same time the
increased complexity of algebraic calculations within the theory of angular
momentum lead to attempts to assist these calculations by the development
of a graphical technique.

Work by Yutsis1 et al. using graphical representations was first published
in Russian at the Lithuanian Academy of Science in 1960 and soon translated
into English, Yutsis, Levinson and Vanagas [10]. This original source may be
quite difficult to obtain. The concepts of graphical representation were soon
extended by El Baz and Castel [11] with detailed suggestions of possible phy-
sical applications. However, a more recent book, Varshalovich, Moskalev and
Khersonskii [12], provides a comprehensive reference work for all aspects of the

1 Note that Jucys is an alternative spelling used instead of Yutsis.

E. Balcar, S.W. Lovesey, Introduction to the Graphical Theory of Angular

Momentum, STMP 234, 1–6, DOI 10.1007/978-3-642-03118-2 1,
c© Springer-Verlag Berlin Heidelberg 2009



2 1 Introduction

quantum theory of angular momentum including two chapters of an extensive
presentation of the graphical technique. A major part of our introduction to
the use of graphical methods is based on the results given in [12]. Although
our graphical representations deviate from the diagrams in [12] in some details
this should not pose a difficulty. A short introduction to the graphical method
can also be found in Brink and Satchler [13].

1.2 Intent and Motivation

In a calculation of a matrix element for a transition amplitude, say, Clebsch–
Gordan coefficients, from application of the Wigner–Eckart Theorem, arise
together with higher-order coefficients, in associated reduced matrix elements.
Typically, the raw result of the calculation can be re-expressed with advantage.
One aims to make visible the physical content of the product of coefficients
by exposing an effective quantum-mechanical operator that encapsulates the
essence of the physical processes. This enlightenment comes from an intro-
duction of additional variables that recouple initial variables. In practice, re-
coupling is actually achieved by identities for products of coefficients, and an
extensive collection of identities has been compiled in the past few decades.
Further progress with this type of application is more likely achieved with pow-
erful graphical techniques that are the subject of this book. The techniques
permit both an analysis of expressions into physically relevant components
and the construction of identities to execute a recoupling agenda.

To express the advantage of the graphical method in a more concrete
form, the usual approach would be to split all terms in a sum into an, of-
ten considerable, number of basic elements which are all linked by further
summations, and then attempt to proceed to a new form by regrouping, ma-
nipulations and eliminations. The complexity of this undertaking is partly due
to the symmetry properties of the basic elements. These involve, in view of
the physical background, angular momenta fulfilling triangle conditions. The
graphical representation of the basic elements provides an ideal tool to visua-
lize and control the triangle conditions and to combine the angular momenta
in diagrams, also called coupling diagrams.

If an exact solution of a problem is not of prime importance, the graphi-
cal method can, very quickly, indicate the general properties of the solution,
usually on the back of an envelope or paper napkin if physicists are involved.

This book has been compiled by two physicists aiming to provide familiar-
ity with the concepts and techniques of the graphical method. Our primary
intent is to discuss enough worked examples such that the reader gradually
becomes proficient in applying the graphical method. It is perhaps worthwhile
to note that, the graphical technique enables one to transcend beyond pub-
lished results and to derive new relations as demonstrated in a few places in
this book.
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The graphical theory offers a powerful method to treat problems invol-
ving 3jm- and 3nj-symbols for which, except for the simplest examples, the
equivalent algebraic procedures may not be applied easily. Because the two
descriptors 3jm and 3nj seem, at first sight, quite similar it is worth noting
that 3jm refers to a mathematical quantity defined by three angular momenta
j and corresponding projections m. With loss of precision, these symbols are
often in the literature just named 3j-symbols. We use, therefore, 3jm to avoid
confusion with the second type of symbol described by the term 3nj. Here,
the number n takes the values 1,2,3,. . . , where 3n is the number of angular
momentum variables in the corresponding symbols and diagrams.

1.3 Layout and Contents

In the following chapters we endeavour to guide the reader through a step
by step introduction to the graphical technique, starting from the simplest
building blocks and gradually proceeding to more complicated graphs and
diagrams.

It is, of course, of advantage to be familiar with the mathematical theory
of the coupling coefficients and related quantities which is to be complemented
by the graphical method. The following material recapitulates, therefore, some
well-known properties of 3jm-symbols.

In Chap. 2 we provide the reader with a collection of definitions, relations
and formulae relevant to 3jm-symbols and frequently used in the later de-
velopment of the subject. Only a minimal discussion of 6j- and 9j-symbols
and their relation to the coupling of three and four angular momenta, respec-
tively, is given. Further details of the properties of these elements of angular
momentum theory are reserved for later chapters.

In the subsequent chapters we will, as long as possible, display the alge-
braic elements and expressions along with the graphical diagrams to define the
elements of the graphical theory by comparison with their algebraic counter-
parts. An attempt at proving by algebra some complicated identities might
be motivation to invest in mastering the powerful graphical technique that
makes light work of such proofs.

In Chap. 3 we present the basic building blocks and tools of the graphical
theory. The basic concepts, nodes and angular momentum lines, are employed
to represent a 3jm-symbol by a node with three attached angular momentum
lines, where the direction of a line is linked to the sign of the corresponding
projection.

To facilitate treatment of the following examples, we introduce, at an early
stage, five special diagrams representing simple factors, leaving their deriva-
tion for a later stage. Nodes have a node sign that derives from the order
of columns in the corresponding 3jm-symbol. If the lines attached to a node
change their cyclic order then the node sign changes, and this is equivalent
to an exchange of columns in the 3jm-symbol. This has to be contrasted by
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the explicit change of node sign without rearranging the angular momentum
lines. The simplest examples refer to 3jm-symbols with one angular momen-
tum equal to zero. At this point we advance the concepts of zero-line and
two-line nodes which are closely related.

An essential element of the theory is the equivalence of a sum over a projec-
tion, present in two 3jm-symbols, and the corresponding angular momentum
line connecting the two nodes. Equally important and frequently used is the
option of reversing the direction of an internal angular momentum line. For
completeness, the chapter includes also the discussion of line reversal for an
external line.

Equipped with these tools we devote Chap. 4 to a discussion of identities
obeyed by 3jm-symbols. One of these identities involves not only summation
over a projection but also over the angular momentum itself. This example
provides us with the line contraction tool which is most useful for the reduction
of angular momentum lines. A new symbol found in this chapter is the simplest
closed diagram, the 3j-symbol. This symbol is the first of the group of closed
diagrams called 3nj-symbols. Depending on the value of n we have 3j-, 6j-,
9j-symbols and symbols of even higher rank.

Chapters 5 and 6 contain definitions and transformations of 6j- and 9j-
symbols, respectively. We discuss some symmetry properties and special cases
with zero angular momentum. Both 3nj-symbols are of considerable impor-
tance in the theory of atomic spectra. The 6j-symbols represent essential
properties of reduced matrix elements of many-electron states. Transforma-
tions between different coupling systems, e.g. from Russell–Saunders or SL-
coupling to jj-coupling, are defined by 9j-symbols.

All the manipulations and conventions established up to this point are
then reformulated into general rules for treating and transforming diagrams
and collected in Chap. 7. This chapter repeats, and then generalizes results and
procedures encountered in preceding chapters. The central emphasis is put on
methods of separation that allow to split a complicated diagram into smaller
symbols. The basic building blocks are the treatment of single lines and the
contraction of two angular momentum lines. From these two procedures we
are able to derive the conditions for three-, four- and five-line separations. In
all cases, the rules for a separation may also be applied in reverse direction
and describe the joining of two diagrams.

Equipped with an arsenal of tools and prescriptions for the manipulation
of diagrams by deformation, transformation, line contraction, separation etc.,
we devote our attention in Chaps. 8 and 9 to the treatment of closed and open
diagrams, respectively.

The central objective in the presentation of Chap. 8 concerns the sum-
mation over one angular momentum in various 3nj-symbols. Note that, this
summation is on top of the summations over all projections implicit to the con-
necting lines between nodes. The problems are arranged in chapters of rising
complexity, starting with sums of single 3nj-symbols and then progressing
to sums of two and three 3nj-symbols. Each part starts with an algebraic
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expression to be evaluated. Assuming that the result cannot be derived by
algebraic methods, we take recourse to the graphical theory and obtain the
result by diagrammatic means. With a few exceptions, these results are, of
course, not new and can be found in the literature. Our emphasis lies on the
in-between steps for solving the problem by graphical methods. The reader is,
thus, encouraged to use the posed problems as exercises for self-study. It may
well turn out that the graphical steps described here are not the only way to
arrive at a certain solution. In Chap. 8 we are also confronted with the fact
that a sum may be performed, but the result is not simple but leads instead to
a 3nj-symbol of higher order, and two kinds of 12j-symbols are encountered.

The same arrangement of posing an algebraic problem for which a solution
is obtained via graphical methods is used in Chap. 9, which deals with open
diagrams. The diagrams have, therefore, external lines attached to only one
node, in contrast to internal lines which have both ends attached to a node. In
many cases the result is found as a transformation of the original expression.
Often we will proceed by separating a closed diagram from the sub-diagram
containing the external lines.

Open diagrams are, in a way, more general than closed diagrams because
we know from atomic physics that any matrix element of a spherical tensor
operator can be written as a product between a 3jm-symbol and a factor
that is independent of the projections (Wigner–Eckart Theorem). In graphical
terms we say that, a node with three lines, the 3jm-symbol, accompanies the
closed diagram representing the reduced matrix element.

Since open diagrams involving two 3jm-symbols have been exhaustively
discussed in the introductory chapters, we focus here on sums involving three
or more 3jm-symbols. A new formula for a simple product of two 3jm-symbols
is presented in Chap. 9 and this formula is then verified by deriving from it a
result given in a preceding chapter.

1.4 Application of the Graphical Theory

Before entering into a discussion of the contents of Chap. 10 we highlight a few,
necessarily incomplete, steps describing the passage of the graphical theory
into the areas of physics and mathematics.

Very early on Briggs [14] and also El Baz and Castel [11] presented most
ambitious attempts of applying graphical methods to the complete calculation
of matrix elements of various interaction operators. Although many diagrams
will be familiar from this book, the notation there covers additional symbols
for Clebsch–Gordan coefficients and even fractional parentage coefficients and
is thus more comprehensive and more complicated compared to what we use
here.

In the books by Judd [7] and Cowan [15], both directed at atomic spec-
troscopy, there are only few diagrams and hints of the graphical theory be-
cause all results could be derived algebraically. However, in the late eighties
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of the 20th century the definitive work on the Quantum Theory of Angular

Momentum by Varshalovich et al. [12] contains an extensive presentation of
the rules and methods of the graphical approach, together with a wealth of
formulae derived with this technique. At the same time work by Thole and
van der Laan [16] demonstrates the use of 12j-symbols and the application of
graphical methods.

The use of the graphical method is evident in several publications by van
der Laan and Thole [17–22] and in papers by Carra et al. [23–26]. The role
of Theo Thole in propagating the diagrammatic technique is emphasized by
Brouder and Brinkmann [27]. The latter publication also displays diagrams of
coupling coefficients that have caught the attention of mathematicians with
interest in graph theory. As examples we cite a few publications [28–31] in
which cubic graphs or Yutsis’s graphs, as they are also called, are used in the
context of calculating or reducing general recoupling coefficients.

Resuming our discussion of the contents of Chap. 10, the graphical method
is applied to a realistic example from the theory of resonant x-ray scattering.
This, unfortunately, requires a certain amount of familiarity with the theory of
atomic spectra and with the properties of spherical tensor operators and their
many-electron matrix elements. The basic concepts and definitions for the
coupling of tensor operators and the structure of the reduced matrix elements
of unit tensor operators are collected in Appendix A.

The specific problem treated in Chap. 10 concerns a product of two matrix
elements of the electric dipole operator. This product is part of the scattering
amplitude describing resonance enhanced x-ray scattering. From a graphical
point of view, the reduced matrix elements are represented by 12j-symbols
containing the angular momentum quantum numbers of the atomic states
in question. Resonance-enhanced x-ray scattering is a second-order process
in which a photo-absorbing electron is excited to an intermediate state and
returns by emission to the original electron shell. Thus, the starting point for
the graphical treatment is defined as a product of two dipole matrix elements,
and the corresponding diagrams consist of two 3jm- and two 12j-symbols.

The main target in Chap. 10 is the demonstration by graphical techniques,
that the product of matrix elements can be replaced by a single matrix ele-
ment of an equivalent atomic tensor operator. This significant result elucidates
several selection rules governing the underlying electronic process. Three cases
of decreasing complexity are considered which differ by the amount of physical
information retained from the intermediate state visited by the electron. In
all three cases the diagrammatic transformations are able to reach the charac-
teristic structure defining the equivalent atomic tensor in question. The large
number of figures in this chapter may give the impression of great difficulty,
but it is, in fact, due to our documenting every single step in the transfor-
mation process. We hope that passing from figure to figure with few steps
in the development will facilitate recognition and appreciation. Of course, we
cannot deny that a prior knowledge of the properties of unit tensor operators
is helpful in directing the transformations to the desired result.
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Properties of 3jm- and 3nj-Symbols

2.1 Properties of 3jm-Symbols

Basic elements in the theory of angular momentum are the Clebsch–Gordan
coefficients for coupling two states characterized by j1,m1 and j2,m2 into a
new state with quantum numbers J,M . The numbers j and their projections,
or magnetic quantum numbers1, m have integer or half-odd integer values.
Hence, in an exponent to (−1) the quantum numbers must combine to integers
as in j±m or j1+j2+J , for example. The notation used for the corresponding
Clebsch–Gordan coefficient is (j1m1j2m2|JM) and it can be non-zero only if
j1, j2, J fulfil the triangle condition △{j1, j2, J} equivalent to the condition
j1 + j2 ≥ J ≥ |j1 − j2| and, furthermore, provided that m1 + m2 = M .
The Clebsch–Gordan coefficients are chosen to be purely real and constitute
a unitary transformation.

The coupling coefficients introduced in the previous paragraph are closely
related to the so-called Wigner coefficients, 3j-symbols or, more precisely,
3jm-symbols:

(

j1 j2 J
m1 m2 −M

)

=
(−1)j1−j2+M

√

(2J + 1)
(j1m1j2m2|JM) .

3jm-symbols are also purely real and this convention is adopted for all 3nj-
symbols encountered later. Note that, the exponent j1 − j2 + M is integer.
Although the 3jm-symbols, or Wigner symbols, are usually referred to as just
3j-symbols in the literature, we have chosen the term 3jm-symbol here in
order to distinguish these from the 3j-, 6j- and 9j-symbol etc. in the theory.
The Clebsch–Gordan coefficients correspond to the notation and phase used
in Condon and Shortley [2], although, unlike them, we do not repeat j1, j2 in
the right-hand part of the coefficient. The definition above can be inverted to
give

1 The terms ‘projection’ and ‘magnetic quantum number’ are used interchangeably
in the text, with the first term favoured overall.

E. Balcar, S.W. Lovesey, Introduction to the Graphical Theory of Angular
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(j1m1j2m2|JM) = (−1)j2−j1−M
√

2J + 1

(

j1 j2 J
m1 m2 −M

)

. (2.1)

From this definition follows the transformation from plain product states
|j1m1〉|j2m2〉 to the coupled state |j1j2JM〉 and the inverse transformation,
with the Clebsch–Gordan coefficients replaced by 3jm-symbols as in (2.1).

|j1j2JM〉 =
∑

m1m2

(−1)j2−j1−M
√

2J + 1

(

j1 j2 J
m1 m2 −M

)

|j1m1〉|j2m2〉 ,

|j1m1〉|j2m2〉 =
∑

JM

(−1)j2−j1−M
√

2J + 1

(

j1 j2 J
m1 m2 −M

)

|j1j2JM〉 .

As mentioned before, the sum of the arguments j1 + j2 + J is integer and the
triangle condition △{j1, j2, J} must be fulfilled.

An advantage of the 3jm-symbols over the coupling coefficients lies in
their neat symmetry properties. E.g., even permutation of the columns leaves
a 3jm-symbol invariant,

(

j1 j2 j3
m1 m2 m3

)

=

(

j2 j3 j1
m2 m3 m1

)

=

(

j3 j1 j2
m3 m1 m2

)

, (2.2)

while an odd permutation introduces a phase factor (−1)j1+j2+j3

(

j1 j2 j3
m1 m2 m3

)

= (−1)j1+j2+j3

(

j2 j1 j3
m2 m1 m3

)

= etc. (2.3)

The same phase factor is required for a sign change of m1,m2 and m3
(

j1 j2 j3
m1 m2 m3

)

= (−1)j1+j2+j3

(

j1 j2 j3
−m1 −m2 −m3

)

. (2.4)

The 3jm-symbol can be non-zero only if m1 + m2 + m3 = 0 and the triangle
condition △{j1, j3, j3} for j1, j2 and j3 is fulfilled. At least one of the three
angular momenta in a 3jm-symbol has to be integer and the sum of all three
must also be an integer. From this we see that, two of the angular momenta
in a 3jm-symbol may be half-integer and this has the following consequences
for the simplification of a general phase factor: every phase (−1)4ji ≡ 1 or
(−1)2ji±2mi ≡ 1 or, for the ji of a 3jm-symbol, (−1)2j1+2j2+2j3 ≡ 1 can thus
be removed or added because the exponents are even integers in all these
cases.

The following identities will be very useful in subsequent derivations. From
the properties of the Clebsch–Gordan coefficients follow the orthogonality
properties of the 3jm-symbols

∑

m1,m2

(

j1 j2 j3
m1 m2 m3

) (

j1 j2 j′3
m1 m2 m′

3

)

=
δj3,j′

3
δm3,m′

3

(2j3 + 1)
, (2.5)

and
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∑

j3,m3

(2j3 + 1)

(

j1 j2 j3
m1 m2 m3

) (

j1 j2 j3
m′

1 m′

2 m3

)

= δm1,m′

1
δm2,m′

2
. (2.6)

These identities are so important, they merit an entire section in our subse-
quent presentation. Because the sum of the mi in a 3jm-symbol is zero by
definition, some of the summations over magnetic quantum numbers may be
purely formal and this can be seen for a special case of (2.5):

∑

m1,m2,m3

(

j1 j2 j3
m1 m2 m3

)(

j1 j2 j3
m1 m2 m3

)

= 1 . (2.7)

The following equality uses the cyclic permutation symmetry, (2.2), and
shows the value of this special 3jm-symbol with one j and its projection m
set zero:

(

j 0 j
−m 0 m

)

=

(

j j 0
m −m 0

)

= (−1)j−m 1√
2j + 1

. (2.8)

This result will be frequently used in the more general form

(−1)j1−m1

(

j1 0 j2
−m1 0 m2

)

= (−1)j1−m1

(

j2 j1 0
m2 −m1 0

)

=
δj1,j2δm1,m2√

2j1 + 1
, (2.9)

or
(

j1 0 j2
−m1 0 m2

)

=

(

j2 j1 0
m2 −m1 0

)

= (−1)j1−m1
δj1,j2δm1,m2√

2j1 + 1
. (2.10)

where the Kronecker-δ take care of the triangle condition △{j1, j2, 0} and the
condition m2 − m1 = 0 for this special case.

The algebraic formula used by Rotenberg et al. [9] for the calculation of
3jm-symbols is

(

j1 j2 j3
m1 m2 m3

)

= (−1)j1−j2−m3

×
[

(j1 + j2 − j3)!(j1 − j2 + j3)!(−j1 + j2 + j3)!

(j1 + j2 + j3 + 1)!

]1/2

× [(j1 + m1)!(j1 − m1)!(j2 + m2)!(j2 − m2)!(j3 + m3)!(j3 − m3)!]
1/2

×
[

∑

k

(−1)k

k!(j1 + j2 − j3 − k)!(j1 − m1 − k)!(j2 + m2 − k)!

× 1

(j3 − j2 + m1 + k)!(j3 − j1 − m2 + k)!

]

.

Tables of 3jm-symbols have been given by Edmonds [4], Rotenberg et al. [9]
and Varshalovich et al. [12], to cite just a few. Of course, nowadays computer
programs will provide values for 3jm-symbols, in some cases even in algebraic
form.
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2.2 Properties of 3nj-Symbols

If the theory of angular momentum is extended to consider more than two
angular momenta one encounters several possible coupling schemes. For three
angular momenta j1, j2 and j3 the coupling into a state of total angular mo-
mentum J could proceed via two routes. As a first step one could couple j1
and j2 to j12 and then j12 with j3 to obtain the total J . Alternatively, one
could first couple j2 and j3 to j23 and then j1 with j23 for J . The states belon-
ging to the two coupling schemes can be transformed into each other [7] and
the elements of the transformation matrix are proportional to a 6j-symbol. A
symbolic relation for these couplings is,

〈[(j1, j2)j12, j3]J |[j1, (j2, j3)j23]J〉 ∝
{

j3 J j12
j1 j2 j23

}

.

The symmetry properties of 6j-symbols will be discussed later in section 5.2.

The next natural extension considers the coupling schemes in which four
angular momenta are involved. These two coupling schemes are well known in
atomic physics and referred to as SL and jj-coupling. In this case one finds [7]
the transformation matrix is proportional to a 9j-symbol, and symbolically,

〈[(j1, j2)j12, (j3, j4)j34]J |[(j1, j3)j13, (j2, j4)j24]J〉 ∝

⎧

⎨

⎩

j1 j2 j12
j3 j4 j34
j13 j24 J

⎫

⎬

⎭

.

Again, the discussion of the symmetry properties of the 9j-symbol will be
postponed.

In the following sections we will present a graphical technique equivalent
to the algebraic treatment of complex expressions built from 3jm-symbols,
3nj-symbols like 6j-, 9j-symbols and symbols of higher order.

2.3 Comment on Notation

To simplify the notation, the subscripted variables j1, j2, j3, . . . will be re-
placed by a, b, c, . . . and the magnetic quantum numbers, or projections,
m1,m2,m3, . . . will be represented by corresponding Greek letters α, β, γ, . . .
but we will continue to refer to these as j- and m-values, respectively.
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Basic Tools for the Graphical Method

3.1 Graphical Representation of 3jm-Symbols

The graphical representation of 3jm-symbols is based on angular momentum
lines which have a direction indicated by points and feathers of an arrow.
Three angular momentum lines corresponding to the angular momenta in the
3jm-symbol join at a common point called a node. A negative projection is
represented by a line entering the node while lines with a positive projection
are pointed away from the node. Each node is characterized by a node sign,
which, in turn, depends on the arrangement of columns in the corresponding
3jm-symbol. If the sequence a → b → c corresponds, as in Fig. 3.1, to a clock-
wise arrangement in the diagram then this is signified by a negative node sign
within the circle representing the node point. For a counter-clockwise arrange-
ment the positive node sign may be associated with the positive direction of
the z-axis in a right-handed Cartesian coordinate system1.

(−1)a−α

(

a b c
−α β γ

)

−

a, α

b, β

c, γ

Fig. 3.1. Note that ingoing arrows correspond to negative and outgoing lines to
positive m quantum numbers in the 3jm-symbol, and that ingoing lines require an
appropriate phase factor to accompany the 3jm-symbol

Figure 3.1 shows a layout used often in the text. The algebraic symbol has
a graphical equivalent consisting of a signed node and three directed lines.

1 Such a positive node sign is found, f.e., in Fig. 3.10.

E. Balcar, S.W. Lovesey, Introduction to the Graphical Theory of Angular

Momentum, STMP 234, 11–30, DOI 10.1007/978-3-642-03118-2 3,
c© Springer-Verlag Berlin Heidelberg 2009



12 3 Basic Tools for the Graphical Method

Outgoing and ingoing arrows imply positive and negative projections, respec-
tively, where the latter require a phase factor in the algebraic expression.

(−1)b−β+c−γ

(

a b c
α −β −γ

)

−

a, α

b, β

c, γ

Fig. 3.2. The arrangement of angular momentum lines is the same as in Fig. 3.1 but
the directions are different here. Note that the node sign is, therefore, still negative
but the phase is different because of the two ingoing lines

We repeat that, a negative projection −α in the 3jm-symbol requires a phase
(−1)a−α represented by an ingoing a-line in the diagram. The two 3jm-
symbols in Figs. 3.1 and 3.2 are not equal and differ by a phase factor (−1)2a

and this can be demonstrated by using (−1)α−β−γ = 1 because the m-values
in a 3jm-symbol must sum to zero by definition.

(−1)a−α

(

a b c
−α β γ

)

= (−1)a+b+c(−1)α−β−γ(−1)a−α

(

a b c
α −β −γ

)

= (−1)2a(−1)b−β+c−γ

(

a b c
α −β −γ

)

.

The sign change of all m-values in a 3jm-symbol introduces the first phase
(−1)a+b+c, see (2.4). Because −α + β + γ = 0 is true by definition here,
the phase (−1)α−β−γ = 1 may be added without affecting the value, thus
producing the desired form suitable for transcription into graphical symbols.

The properties of the 3jm-symbols in the following Fig. 3.3 make the two
expressions equivalent.

(

a b c
α β γ

)

=

−

a, α

b, β

c, γ

(−1)a−α+b−β+c−γ

(

a b c
−α −β −γ

)

−

a, α

b, β

c, γ=

Fig. 3.3. Graphical representation of two equivalent 3jm-symbols. One has α+β +
γ = 0 and identity (2.4)
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We see from Fig. 3.3 that, for 3jm-diagrams with three angular momentum
lines of the same kind, all directions may be reversed without a change in the
value or phase of the diagram.

It should be mentioned that, although our diagrams have been drawn with
a symmetric arrangement of angular momentum lines, the orientation is in no
way essential, the lines may be deformed, but only if the cyclic arrangement
remains unchanged. If, however, two lines change places, then this operation
requires a change of node sign and this will be indicated by an ‘!’ next to the
node2. Of course, the whole diagram may be rotated without any effect.

The connection between the sequence a → b → c in the 3jm-symbol and
the sign of the node may be remembered by a cork-screw rule: a clockwise
turn takes the cork-screw down and the node sign is negative, the upward
movement corresponds to a positive node sign. This convention is also adopted
by crystallographers to label right- and left-handed screw axes.

3.2 Special Elements of the Graphical Method

The diagrams in Fig. 3.4 represent various factors which occur frequently in
the application of the graphical method. This is the reason for introducing
these special diagrams at an early stage.

(2a + 1)

a

(1)

√
2a + 1

+

a

(2)

δa,b

+

+

a b

(3)

δa,bδb,c√
2a + 1

+

+

+b

ca

(4)

δa,bδb,cδc,d

(2a + 1)

+

+ +

+

a

b

c

d

(5)

Fig. 3.4. Analytical expressions for the factors are shown above each diagram. The
gap in diagram (1) indicates a removed node. These diagrams are referred to as
circular, one-node, two-node, triangular and quadrangular diagram, respectively

All diagrams in Fig. 3.4 are closed diagrams with no external lines. It has to
be emphasized that, these diagrams are special insofar as they contain nodes
which are connected to two lines only and we will refer to these as two-line

nodes to underline the difference to the zero-line nodes of the next section.
Except for the first diagram, which has no direction and no node, all others
have the lines arranged in clockwise order. The genesis of the factors listed in
Fig. 3.4 and their relations will be discussed at a later stage.

2 Skip forward to Fig. 4.2 for a first example.
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3.3 Treatment of 3jm-Symbols with a Zero-line

The value of a 3jm-symbol is particularly simple if one of the three angular
momenta equals zero as we see from (2.8).

(

j j 0
m −m 0

)

=

(

j 0 j
−m 0 m

)

=
(−1)j−m

√
2j + 1

.

From this result and from (2.9) we deduce the more general formula

(−1)a−α

(

a 0 c
−α 0 γ

)

=
δa,cδα,γ√
2a + 1

,

which is now transcribed into the graphical representation. The diagram will
consist of a node with two angular momentum lines and one zero-line. Pro-
vided that the cyclic arrangement of the lines agrees with the node sign, the
node with the 0-line, zero-line node for short, may be removed and a triangular
diagram (see Fig. 3.4, element (4)) representing the factor is inserted.

(−1)a−α

(

a 0 c
−α 0 γ

)

−
a, α

0

c, γ

=
δa,cδα,γ√

2a + 1

a, αc, γ

+

+

+a

ca

⇒

Fig. 3.5. Since a → 0 → c corresponds to a clockwise arrangement of the lines, the
node sign − is correct and node together with 0-line may be removed without phase
change. The two lines entering and leaving the zero-line node will, of course have
the same angular momentum values

In this diagram we have introduced a new element, a single free line repre-
senting the two Kronecker-δ.

All angular momenta in the triangular diagram have to be the same and
it is not significant whether a or c appears twice in the triangular diagram in
Fig. 3.5. In the general case of diagram (4) in Fig. 3.4 the triangular diagram
contains three angular momenta which must have the same values as expressed
two Kronecker-δ.

In the next figure we draw the 3jm-symbol with a positive node sign
and arrive, of course, at the same result. The direction of this free line is
not significant. Because the triangular diagram represents a factor with a
single Kronecker-δ here, namely δa,c, the angular momentum lines have been
adjusted accordingly.
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(−1)a−α

(

a 0 c
−α 0 γ

)

+

a, α

0

c, γ

=
δa,cδα,γ√

2a + 1

a, α c, γ

+

+

+a

ca

Fig. 3.6. If a → 0 → c corresponds to an counter-clockwise arrangement the node
sign is +. Again the node together with the 0-line may be removed without phase
change. The two lines entering and leaving the zero-line node will, of course have
the same angular momentum values

Comparing the diagrams for the 3jm-symbols in left-hand sides of Figs. 3.5
and 3.6 one notices that the symbols are mirror images of each other and the
mirror operation implies a change of node sign since the cyclic arrangement
of the angular momentum lines is changed. Since the nodes in Figs. 3.5 and
3.6 are both removable, the triangular diagrams are the same in both cases.

Removal of a zero-line node:

The term zero-line node refers to a node with two angular momentum lines
and one zero-line attached to it. As seen in this section, provided the node
sign agrees with the cyclic order passing from ingoing through the zero- to
the outgoing line, then the node together with the zero-line can be removed.
The resulting free line ensures the same direction and angular momentum
for the joined lines.

The case when the node sign does not agree with the cyclic order of the three
lines requires a node sign change.

3.4 Direct Change of a Node Sign

It is possible to change a node sign without altering the arrangement of the
lines. Such a change then requires an explicit or direct3 change of phase be-
cause the different node sign implies an exchange of two columns in the 3jm-
symbol. Compared to the 3jm-symbol of Fig. 3.5 columns are exchanged and
the corresponding phase factor has to be taken into account.

3 Our choice of words indicates the fact that manipulations or transformations may
lead to indirect or implicit changes of node sign.



16 3 Basic Tools for the Graphical Method

(−1)a−α

(

a c 0
−α γ 0

)

= (−1)a+0+c(−1)a−α

(

a 0 c
−α 0 γ

)

= (−1)a+c δa,cδα,γ√
2a + 1

= (−1)2a δa,cδα,γ√
2a + 1

.

From (2.3) we know that the exchange of two columns introduces a phase
(−1)a+0+c which remains as (−1)2a in the last equality. Beware, variable a
can be half-odd integer, in which case (−1)2a = −1 is important.

(−1)a−α

(

c 0 a
γ 0 −α

)

−

+

a, α

0

c, γ

= (−1)a+c δa,cδα,γ√
2a + 1

a, α c, γ

+

+

+a

ca

Φns = (−1)a+0+c Φns = (−1)2a

Fig. 3.7. The arrangement a → 0 → c is counter-clockwise but the node sign
is negative here. Thus, the node sign has to be changed to achieve the correct
arrangement of in- and outgoing lines before the node together with the 0-line may
be removed. A corresponding phase change is the consequence

The direct node change is indicated by a single arrow head pointing from the
original node to the node with the different node sign. Due to the change in
the node sign a phase Φns = (−1)2a becomes attached to the diagram. We
have seen here that it is possible to change a node sign without rearranging
the angular momentum lines at the price of an extra phase factor. Keeping
track of the phase factors is an important part of the graphical technique.

Direct change of a node sign:

The direct change of a node sign without alteration in the cyclic order of the
angular momentum lines introduces an explicit phase Φns for the diagram.
In general such a phase factor for a direct node sign change will have the
form Φns = (−1)a+b+c, where a, b and c represent the three lines connected
to the node in question.
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3.5 Single External Line

In the context of discussing the methods applicable to the j = 0 case, we will
consider two simple examples in the following. The starting point is a general
relation, (2.5), valid for 3jm-symbols,

∑

α,β

(

a b c
α β γ

)(

a b c′

α β γ′

)

=
δc,c′δγ,γ′

(2c + 1)
.

We consider the special case c′ = γ′ = 0 here

∑

α,β

(

a b c
α β γ

)(

a b 0
α β 0

)

=
δc,0δγ,0√
2c + 1

,

and use the result given earlier in (2.10) for a 3jm-symbol with a zero column.

∑

α,β

(

a b c
α β γ

)

(−1)a−α δa,bδ−α,β
√

(2a + 1)
= δc,0δγ,0 .

The Kronecker-δ forces a = b and the sum over β leads to the following
relation

∑

α

(−1)a−α

(

a a c
α −α γ

)

= δc,0δγ,0

√
2a + 1 ,

and this result is now expressed in graphical form.

(−1)a−α

(

a a c
α −α γ

)

−

a, α

a, α

c, γ

∑

α

(−1)a−α

(

a a c
α −α γ

)

−a c, γ

Fig. 3.8. Joining the two lines with angular momentum a is the graphical equivalent
for the sum over α

The resulting diagram has only one external line belonging to the angular
momentum c. We have, however, seen from the algebraic result given above,
that the only possible value for c is zero and we deduce that the single external
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line must have c = 0 and this result will also be true for a single line connecting
two diagrams4 if at least one of the diagrams is closed with no external lines.

∑

α

(−1)a−α

(

a a c
α −α γ

)

= δc,0δγ,0
(2a + 1)√

2a + 1
= δc,0δγ,0

√
2a + 1

−a 0

a +

+

+a

aa⇒

Fig. 3.9. If the c = 0 line and the node are removed in accordance with the
procedure specified on p. 19 we obtain diagrams given in Fig. 3.4

Here the 0-line is removed together with the remaining node in accordance
with the rule specified on page 19 and the diagrams given in Fig. 3.4.

Compared to Fig. 3.5 one and the same line a enters and leaves the zero-
line node here and, consequently, the triangular diagram in Fig. 3.9 contains
three entries a and requires no Kronecker-δ.

We will now consider a slight variation of this analysis starting with a
positive node sign.

(−1)a−α

(

a a c
α −α γ

)

+

a, α

a, α

c, γ

∑

α

(−1)a−α

(

a a c
α −α γ

)

+a c, γ

Fig. 3.10. Compared with Fig. 3.8 the in- and outgoing a-lines have changed place
and the node sign is now +. The a-line leaving and entering the node symbolizes
the sum over α

With arguments following the same lines as given above we find

4 Because Kronecker-δ are inferred from the algebraic result, there is no graphical
symbol in this case.
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∑

α

(−1)a−α

(

a a c
α −α γ

)

= δc,0δγ,0
(2a + 1)√

2a + 1
= δc,0δγ,0

√
2a + 1

+a 0

a +

+

+a

aa⇒

Fig. 3.11. If the 0-line and the node are removed, the remaining circular and
triangular diagram can be found from Fig. 3.4

Both results, Fig. 3.9 and Fig. 3.11, are identical because in both cases the
cyclic arrangement of ingoing, zero line and outgoing line was as required for
the removal of the node.

From these results it is clear that the case of a single external line is
closely related to that of a zero-line node discussed on p. 15. In the following
box conditions for treating a single external line are formulated with general
angular momentum descriptors j and j1, j2 in place of specific variables used
in the diagrams.

Single external line:

In a diagram with a single external line this external line can only have the
value j = 0 and can be removed with the node to which it is attached. The
node can be removed if the node sign corresponds to the cyclic arrangement
of ingoing j1-line, zero value line and outgoing j2-line. The non-zero lines
must have the same angular momentum value j1 = j2 and retain their
directions when joined. The node removal introduces a factor 1/

√
2j1 + 1.

In other cases, when the cyclic arrangement does not agree with the node
sign, the node sign has to be changed and this affects the phase of the diagram.
Note that the presence of the 0-line in the diagram is essential for the decision
whether a phase change is necessary or not.

3.6 Two-line Nodes

Once just the zero-line is removed from a diagram the situation becomes
ambiguous with respect to a necessary phase change. To remove this ambiguity
for the two-line nodes we have to adopt an additional convention.

There is, as we will see, an alternative option of closing the a-line in
Fig. 3.11 if we keep the j = 0 line inside the closed loop:
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∑

α

(−1)a−α

(

a a c
α −α γ

)

= δc,0δγ,0

√
2a + 1 = δc,0δγ,0

(2a + 1)√
2a + 1

⇒ ⇒+ a0

+

a a +

+

+a

aa

Fig. 3.12. If only the 0-line is removed, the remaining diagram with just one two-
line node equals entry (2) in Fig. 3.4

We note that the special case of the two-line node diagram (2) given in Fig. 3.4
must be obtained with the zero-line enclosed by the angular momentum line
to guarantee the node removal without phase change. The same convention
holds for the other diagrams (3)-(5) of Fig. 3.4. The single node diagram (2)
in Fig. 3.12 agrees with the diagram given by Varshalovich et al. [12] for the
factor

√
2a + 1.

With the zero-line inside the diagram it becomes a matter of taste whether
we prefer to express the result by the two-line node diagram (2) or the product
of diagram (1) and (4) in Fig. 3.4.

We are now in a position to derive diagram (4) given in Fig. 3.4 which
contains only two-line nodes. Following our convention we assume that the
nodes are remnants of removed zero-lines inside the closed diagram. Consider
a product of three special 3jm-symbols:

(−1)a−α

(

b a 0
β −α 0

)

+

b, β

a, α

0

(−1)b−β

(

c b 0
γ −β 0

)

+

c, γb, β 0

(−1)c−γ

(

a c 0
α −γ 0

)

+

a, α

c, γ

0

Fig. 3.13. Three 3jm-symbols, each with one angular momentum zero, are written
and drawn here
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Each 3jm-symbol has the value given in (2.9) and we introduce now sums
over α, β and γ. The sums over β and γ remove two Kronecker-δ and lead to
δα,α = 1. The remaining sum over α adds just the factor (2a + 1).

∑

α,β,γ

δa,bδα,β√
2a + 1

δb,cδβ,γ√
2b + 1

δc,aδγ,α√
2c + 1

= δa,bδb,cδc,a
(2a + 1)

(2a + 1)3/2
=

δa,bδb,c√
2a + 1

.

For the graphical representation corresponding angular momentum lines have
to be connected and we arrive at a triangular diagram.

δa,bδb,c√
2a + 1

+ +

+

b

ca

Fig. 3.14. The three 3jm-symbols combine into one closed diagram and the angular
momentum lines between the nodes indicate the summations over α, β and γ. The
result for the diagram is, therefore, independent of projections and agrees with
diagram (4) in Fig. 3.4

The three removed zero-lines were all inside the closed diagram.
It is now fairly obvious that a similar procedure with four 3jm-symbols

will lead us to the quadrangular diagram in Fig. 3.4, and the same is true for
the diagram with two nodes.

In principle one could wish to remove all the two-line nodes from the
triangular diagram in Fig. 3.14. The result would be a product of a closed
circle, (2a + 1), and three new triangular diagrams each having the value
1/
√

2a + 1 and this agrees with the value given to the triangular diagram in
Figs. 3.4 and 3.14. Except as a demonstration of consistency this exercise is
of limited value.

3.7 A Simple Closed Diagram

For this example we use the relation given above in Fig. 3.9

∑

α

(−1)a−α

(

a a c
α −α γ

)

= δc,0δγ,0

√
2a + 1 ,

together with a slight variation of the same equality

∑

β

(−1)b−β(−1)c−γ

(

b b c
β −β −γ

)

= δc,0δγ,0

√
2b + 1 .

Of course, the product of these relations represents another equality which
may later additionally also be summed over γ.
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∑

α,β

(−1)a−α

(

a a c
α −α γ

)

(−1)b−β(−1)c−γ

(

b b c
β −β −γ

)

=

= δc,0δγ,0

√
2a + 1

√
2b + 1 .

A sum over γ will remove the Kronecker δγ,0. The transcription into the
graphical formalism is now used to derive the same result by the graphical
method.

(−1)a−α

(

a a c
α −α γ

)

−

a, α

a, α

c, γ

(−1)b−β+c−γ

(

b b c
β −β −γ

)

+

b, β

b, β

c, γ

Fig. 3.15. The diagram of the second 3jm-symbol has been rotated to prepare for
the sum over γ

The introduction of the sums over α, β and γ will result in a closed diagram
without any external line.

∑

γ

∑

α,β

(−1)a−α

(

a a c
α −α γ

)

−a

× (−1)b−β+c−γ

(

b b c
β −β −γ

)

+ bc

Fig. 3.16. The sum over γ is represented by a line between nodes and the sums
over α and β are lines which leave and enter the same node

This is the simplest case of a single line connecting two diagrams. From the
algebraic result we know already that the only possible value is given by c = 0.
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∑

γ

∑

α,β

(−1)a−α

(

a a c
α −α γ

)

× (−1)b−β+c−γ

−a + b0 0

Fig. 3.17. Setting c = 0 leaves behind two nodes with attached 0-lines which both
have the correct node sign in relation to the arrangement of ingoing, 0-line and
outgoing line

Once the c = 0 angular momentum line has been reduced to 0-lines, the
remaining diagrams can be further simplified by removing the nodes together
with the 0-lines and by introducing the corresponding factors as in Figs. 3.9
and 3.11.

∑

γ

∑

α,β

(−1)a−α

(

a a c
α −α γ

)

× (−1)b−β+c−γ

(

b b c
β −β −γ

)

=

= δc,0

√
2a + 1

√
2b + 1

a +

+

+a

aa

b+

+

+b

bb

Fig. 3.18. The removal of both nodes with their 0-lines resulted in two circular and
two triangular diagrams

Except for the sum over γ which has removed one Kronecker δγ,0 the result
of the graphical method agrees with the result given above.

Single internal line:

A single internal line connecting two diagrams, where at least one of these
must be a closed diagram, can only have the value j = 0 and results in two
nodes with a 0-line and two non-zero lines. These two lines must have the
same angular momentum value j1 = j2 and the node removal introduces
a factor 1/

√
2j1 + 1. The node with the 0-line can be removed if the node

sign corresponds to the cyclic arrangement of ingoing j1-line, zero value
line and outgoing j2-line.
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In other cases the node sign or line directions may have to be changed and
an extra phase factor can be the result.

3.8 Reversal of Direction for an Internal Line

In Fig. 3.16 the sums over all magnetic quantum numbers have produced a
closed diagram which we repeat here:

∑

γ

∑

α,β

(−1)a−α

(

a a c
α −α γ

)

× (−1)b−β+c−γ

(

b b c
β −β −γ

)

−a + bc

Fig. 3.19. In the sum over γ the summation index can be changed to −γ without
affecting the value. We indicate intention to change the direction of the c-line with
an antiparallel arrow

From this closed diagram we will derive the rule for reversing the direction of
an internal line. We consider the expression in Fig. 3.19, namely,

∑

γ

∑

α,β

(−1)a−α

(

a a c
α −α γ

)

(−1)b−β+c−γ

(

b b c
β −β −γ

)

.

In this expression it is straightforward to change the sign of the projection
γ → −γ and this change can have no influence on the value of the expression.

∑

γ

∑

α,β

(−1)a−α

(

a a c
α −α −γ

)

(−1)b−β+c+γ

(

b b c
β −β γ

)

.

This sum, however, is no longer directly translatable into a graphical expres-
sion because of the phase factor (−1)c+γ . This phase can be transformed

(−1)c+γ · 1 = (−1)c+γ · (−1)2c−2γ = (−1)c−γ · (−1)2c ,

and introduced into the algebraic expression

∑

γ

∑

α,β

(−1)a−α(−1)c−γ

(

a a c
α −α −γ

)

(−1)b−β

(

b b c
β −β γ

)

· (−1)2c ,

which has now the form required for transcription into graphical symbols.
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∑

γ

∑

α,β

(−1)a−α

(

a a c
α −α −γ

)

× (−1)b−β+c−γ

(

b b c
β −β γ

)

· (−1)2c

−a + bc

Φlr = (−1)2c

Fig. 3.20. The diagram has acquired an extra phase Φlr through the reversal of the
c-line

We note that the algebraic expression in Fig. 3.20, as we have seen above,
is equivalent to the expression in Fig. 3.19. In passing from that diagram to
Fig. 3.20 the direction of the c-line has been reversed adding the extra phase
factor Φlr in the process.

Line reversal of an internal line:

The change of direction of an internal j-line leads to the introduction of an
additional phase factor Φlr = (−1)2j , where the subscript is short for ‘line
reversal’. If all three angular momentum lines belonging to one node are
reversed the resulting phase factor is Φlr = (−1)2j1+2j2+2j3 = 1.

Up to now we have encountered two kinds of phases discernible by the sub-
scripts in Φlr, for line reversal, and Φns, for node sign change. In all cases, the
direct change of node sign introduces a phase (−1)j1+j2+j3 deriving from the
three angular momentum lines joined at the node, see, for example, Fig. 3.7.
Line reversals of internal lines, on the other hand, lead to phases with factors
of 2 in the exponent as in Fig. 3.20.

As noted before, it is an essential element of the graphical technique to
keep track of the phases generated by line reversals as well as direct changes
of node sign. Equally important it is not to overlook node sign changes en-
countered in transformations of diagrams.

3.9 Line Reversal of an External Line

In some cases it is desirable to change the direction of an external line. The
corresponding formal procedure is included here for completeness although it
may seem artificial. It is applied transiently in later sections (see e.g. Figs. 4.11
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and 4.12) to facilitate the application of a diagrammatic technique or pre-
scription5. Again, for completeness, we include special cases for the removal
of nodes with zero-lines.

3.9.1 Reversal of an Outgoing Line

(

a b c
α β γ

)

−

a, α

b, β

c, γ

∑

γ′

(−1)c−γ′

(

a b c
α β −γ′

)

(−1)c−γ′

δγ,−γ′

−

a, α

b, β

c, γ′

Fig. 3.21. Graphical representation of two equivalent 3jm-symbols, where one out-
going line is reversed in the right-hand diagram. The double pointed arrow retains
the original direction

This demonstrates that the change in direction of an outgoing external line
involves a sum over the projection, a Kronecker-δ and a phase factor to cancel
the phase factor of the new ingoing line if the sum is performed.

3.9.2 Reversal of an Ingoing Line

(−1)c−γ

(

a b c
α β −γ

)

−

a, α

b, β

c, γ

∑

γ′

(

a b c
α β γ′

)

(−1)c+γ′

δγ,−γ′

−

a, α

b, β

c, γ′

Fig. 3.22. Graphical representation of two equivalent 3jm-symbols, where one in-
going line is reversed in the right-hand diagram. The double pointed arrow retains
the original direction

5 An alternative and less elegant approach would be to introduce (slightly) different
sets of rules covering the cases for external lines of various directions.
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The situation here is similar to an outgoing line, except that in this case
the phase has a different sign for γ′ to reproduce the original phase after
summation.

3.9.3 Reversal of an Outgoing Line and a j = 0-Line

We return to Fig. 3.21 and consider a special case with a = 0

(

0 b c
0 β γ

)

−

0

b, β

c, γ

∑

γ′

(−1)c−γ′

(

0 b c
0 β −γ′

)

(−1)c−γ′

δγ,−γ′

−

0

b, β

c, γ′

Fig. 3.23. Setting a = 0 creates a zero-line node with two lines, but both non-zero
lines are directed outwards. If the c-line were reversed, the arrangement of ingoing,
zero and outgoing line would be appropriate for node removal

The double arrow that returns a line to its outgoing direction corresponds to
the algebraic form (−1)c−γ′

δγ,−γ′ in correspondence with Sect. 3.9.1.

(

c 0 b
γ 0 β

)

−

0

b, β

c, γ

∑

γ′

(−1)c−γ′ (−1)b−βδb,cδβ,γ′√
2b + 1

(−1)c−γ′

δγ,−γ′

b, β c, γ′

+

+

+c

bc

Fig. 3.24. The left part of the picture is the same as in Fig. 3.23 except for a
rearrangement of the columns in the 3jm-symbol. On the right-hand side the node
has been removed together with the 0-line and (2.8) is used for the 3jm-symbol
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In the following step the c-line is returned to its original direction and this
leads to a single line with arrows in both directions.

(

c 0 b
γ 0 β

)

=

−

0

b, β

c, γ

(−1)b−βδb,cδβ,−γ × δb,c√
2b + 1

b, β c, γ

+

+

+c

bc

Fig. 3.25. The new diagram with arrows pointing in opposite directions has the
value (−1)b−βδb,cδβ,−γ and the action of the double arrow has returned the c-line
to its original direction

The phase (−1)b−βδb,cδβ,−γ is expressed through the values of the angular
momentum line unaffected by the line reversals of the c-line.

3.9.4 Reversal of an Ingoing Line and a j = 0-Line

A similar result is obtained if we consider the reversal of an ingoing line.
We reverse all angular momentum lines in the 3jm-symbol of Fig. 3.23, an
operation that leaves the value invariant, see Fig. 3.3.

(−1)b−β+c−γ

(

c 0 b
−γ 0 −β

)

−

0

b, β

c, γ

∑

β′

(−1)c−γ

(

b c 0
β′ −γ 0

)

(−1)b+β′

δβ,−β′

−

0

b, β

c, γ

Fig. 3.26. Setting a = 0 creates a 0-line node with two non-zero lines, but both
lines are directed inwards. If the b-line were reversed, the arrangement of ingoing,
zero- and outgoing line would be appropriate for node removal. The value of the
3jm-symbol is taken from (2.8)



3.9 Line Reversal of an External Line 29

The double arrow that returns a line to its ingoing direction corresponds to
the algebraic form (−1)b+β′

δβ,−β′ in correspondence with Sect. 3.9.2.

(−1)b−β+c−γ

(

c 0 b
−γ 0 −β

)

−

0

b, β

c, γ

∑

β′

(−1)c−γ (−1)c−γδb,cδβ′,γ√
2b + 1

(−1)b+β′

δβ,−β′

b, β′c, γ

+

+

+c

bc

Fig. 3.27. The left part of the picture is the same as in Fig. 3.26 except for a
rearrangement of the columns in the 3jm-symbol. On the right-hand side the node
and the 0-line have been removed

In the following step the b-line is returned to its original direction and this
leads to a single line with arrows pointing against each other.

(−1)b−β+c−γ

(

c 0 b
−γ 0 −β

)

=

−

0

b, β

c, γ

(−1)b−βδb,cδ−β,γ
δb,c√
2b + 1

b, βc, γ

+

+

+c

bc

Fig. 3.28. The new diagram with the inward pointing arrows has the value
(−1)b−βδb,cδ−β,γ but here it was the b-line which was reversed by the double ar-
row

The phase (−1)b−βδb,cδβ,−γ is expressed through the values of the an-
gular momentum line affected by the line reversals of the b-line. Because
(−1)b−βδb,cδβ,−γ = (−1)c+γδb,cδβ,−γ the phase would look different if the
values of the unreversed c-line were used instead.
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In sections 3.9.3 and 3.9.4 we have analysed 3jm-symbols with one angular
momentum and its projection having zero value. The general properties of
3jm-symbols require that the remaining two angular momenta have equal
values, to fulfil the triangle condition, and also that their projections sum to
zero. We use (2.10) for the 3jm-symbol treated in Fig. 3.24,

(

b c 0
β γ 0

)

= (−1)c+γ δb,cδβ,−γ√
2c + 1

= (−1)b−β δb,cδβ,−γ√
2b + 1

, (3.1)

where action of the Kronecker-δ makes the two results for the 3jm-symbol
completely equivalent. As a consequence, the 3jm-symbol invites the defini-
tion of a special symbol containing just three values, b, β and γ,

(

b c 0
β γ 0

)

=

(

b
β γ

)

δb,c√
2b + 1

= (−1)b−βδβ,−γ
δb,c√
2b + 1

, (3.2)

that has the form
(

b
β γ

)

= (−1)b−βδβ,−γ . (3.3)

This new quantity can be interpreted as metric tensor and can, as in Fig. 3.24,
be seen to change the sign of a projection. This sign change is related to the
change of direction of an external line, and also, in a more general context
to the operation of time-reversal. Further analysis of these relationships is
reserved for Sect. A.4 of Appendix A.
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Orthogonality Relations for 3jm-Symbols

In the preceding chapter the main emphasis rests on the graphical repre-
sentation and manipulation of single 3jm-symbols that constitute the basic
building blocks for diagrams. The tools and conventions for zero-line nodes,
line reversals etc. are discussed. To make further progress in proving that the
graphical method is equivalent to the algebra of 3jm-symbols we make use of
valid relations between 3jm-symbols. In consequence, we gain further insight
into graphical methods by considering and re-writing equations (2.5) and (2.6)
that represent orthogonality and closure.

4.1 Identity for 3jm-Symbols I

The first example introduces a new feature, namely the sum of an angular
momentum value in addition to the sum of the projection. The orthogonality
relation for 3jm-symbols given in (2.6) has the form,

∑

c,γ

(2c + 1)

(

a b c
α β γ

) (

a b c
α′ β′ γ

)

= δα,α′δβ,β′ .

The graphical representation of of this product of two 3jm-symbols consists
of two nodes, each with three angular momentum lines directed away from
the node. At least for the sum over projection γ one ingoing c-line is required.
The expression can be rewritten, with the use of (2.4) and α′ +β′ +γ′ = 0, as

∑

c,γ

(2c + 1)

(

a b c
α β γ

)

(−1)a−α′+b−β′+c−γ

(

a b c
−α′ −β′ −γ

)

= δα,α′δβ,β′ ,

to allow the transcription into graphical symbols1. We repeat Fig. 4.4 here for
easier reference

1 Note the factor (2c + 1) and similar factors that accompany sums over angular
momentum values.
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(

a b c
α β γ

)

−

a, α

b, β

c, γ

(−1)a−α′+b−β′+c−γ

(

a b c
−α −β −γ

)

−

a, α′

b, β′

c, γ

Fig. 4.1. The two diagrams have been arranged such that sums over c, γ can be
introduced easily

Summations of projections are represented graphically by a single line con-
necting two nodes, as in Fig. 3.16. For the first time two nodes in the following
Fig. 4.2 are connected by a double line, and this defines in our notation the
sum over both c and γ. The use of an exclamation mark ! to emphasize an
indirect change of node sign is mentioned in Sect. 3.1 and implemented here
for the first time.

∑

c,γ

(2c + 1)

(

a b c
α β γ

)

+!

a, α

b, β

(−1)a−α′+b−β′+c−γ

(

a b c
−α′ −β′ −γ

)

−

a, α′

b, β′

c

c

Fig. 4.2. The ‘!’ in the diagram indicates that the external lines at the left node
have changed place and the node sign has been altered accordingly. Note that three
lines go out from the positive node and three lines go into the negative node

Because there are external lines at both ends of the diagram the single con-
nection rule from p. 23 cannot be applied here. We know, however, from the
result for the algebraic expression that the result is very simple, and choose
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the diagrams correspondingly. Thus, in the graphical representation the sum
over c and γ leads to two free lines.

δα,α′δβ,β′

a, α′

b, β′

a, α

b, β

Fig. 4.3. After the removal of the summation line together with the two nodes, two
single lines remain, which contribute δα,α′ and δβ,β′

The graphical method has thus recovered the algebraic identity set out at the
beginning of the section with just a few strokes:

∑

c,γ

(2c + 1)

(

a b c
α β γ

)

(−1)a−α′+b−β′+c−γ

(

a b c
−α′ −β′ −γ

)

=
∑

c,γ

(2c + 1)

(

a b c
α β γ

)(

a b c
α′ β′ γ

)

= δα,α′δβ,β′

Note by going backwards from Fig. 4.3 to Fig. 4.2 that, the two figures indicate
a reversed procedure by which two parallel angular momentum lines may be
reduced to just one line at the price of an extra summation over an additional
angular momentum and its projection.

Summation convention for an internal line:

A sum over an internal angular momentum line j, together with the factor
(2j + 1), can be performed if corresponding lines enter and leave the nodes
connected by the j-line. The sum removes the nodes at both ends of j and
reconnects the remaining lines as described by the passage from Fig. 4.2 to
4.3. The j-line has to be anti-parallel to the resulting lines.

This procedure of line contraction constitutes an important tool that al-
lows a reduction in the number of angular momentum lines. This technique
will frequently be applied in the following sections.

Line contraction method:

Two lines of the same direction can be contracted to a single line by intro-
ducing two new nodes of differing node sign. The two lines enter one node
and leave the other in the original directions. The two nodes are connected
by a new anti-parallel angular momentum line, say x, and a sum over an
internal line x, together with the factor (2x+1) is introduced. The two con-
tracted lines may be free, as in the passage from Fig. 4.3 to 4.2, or internal
lines.
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4.2 Identity for 3jm-Symbols II

The following expression is a special case of (2.5) with an additional dummy
summation over the third projection. This relation will provide another simple
example of the application of the graphical method demonstrating manipula-
tions of the diagrams. We consider the following identity,

∑

α,β,γ

(

a b c
α β γ

) (

a b c
α β γ

)

= 1 ,

and rewrite the second 3jm-symbol in such a way as to allow transcription
into graphical symbols,

∑

α,β,γ

(

a b c
α β γ

)

(−1)a−α+b−β+c−γ

(

a b c
−α −β −γ

)

= 1 ,

where the first 3jm-symbol has three outgoing lines and the second three
ingoing lines in accordance with the corresponding phase factors.

(

a b c
α β γ

)

−

a, α

b, β

c, γ

(−1)a−α+b−β+c−γ

(

a b c
−α −β −γ

)

−

a, α

b, β

c, γ

Fig. 4.4. Compared to Fig. 3.3 the diagram of the second 3jm-symbol has been
rotated around the node without changing the cyclic arrangement

For the sums over α and β the corresponding angular momentum lines are
to be connected, but the arrangement of a- and b-lines is not yet ideal for
that purpose. In the diagram for the 3jm-symbol on the left-hand side of the
following Fig. 4.5 the angular momentum lines for a and b have changed place
together with a concomitant change in the node sign.
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∑

γ

(

a b c
α β γ

)

+!

a, α

b, β

× (−1)a−α+b−β+c−γ

(

a b c
−α −β −γ

)

−

a, α

b, β

c

Fig. 4.5. The line joining the two nodes represents the summation over γ

To insert the summations over α and β the angular momentum lines are joined
such that they connect the two nodes, as displayed in the following figure:

∑

αβγ

(

a b c
α β γ

)

{a b c} = +

(−1)a−α+b−β+c−γ

(

a b c
−α −β −γ

)

= 1△{a,b,c}

−c

a

b

Fig. 4.6. The three lines joining the two nodes represent the summations over α, β
and γ in accordance with the algebraic expression

The resulting diagram has the value 1, provided the three angular momenta a,
b and c fulfil the triangle condition △{a, b, c}, and the value is represented by
1△{a,b,c}. This is an example of a closed diagram which does no longer depend
on α, β and γ. This diagram is the first member of a group of symbols which
are called 3nj-symbols and it belongs to the value n = 1 and is referred to
as the 3j-symbol {a b c}. It is not difficult to see that 3nj-symbols have 2n
nodes, per definition.

It is, perhaps, at this point worthwhile to consider the effect of setting
c = 0 in the 3j-symbol displayed in Fig. 4.6.
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+

−

0

0

ab = a

Φlr = (−1)2a

⇒

+

− +

0

0

ab = a

Φns = (−1)2a

⇒

+

+

ab = a

Φ = Φlr + Φns = 1

Fig. 4.7. If the c-line is set to zero, the 0-lines are inside the diagram and allow the
transition to two-line nodes

After setting c = 0 in the leftmost diagram and a line reversal for b, with
a direct change of node sign for the bottom node we obtain a diagram with
two two-line nodes resembling entry (3) in Fig. 3.4. The accumulated phase is
(−1)4a = 1.

4.3 Identity for 3jm-Symbols III

As an example of the application of the graphical method we consider the
following relation given in (2.5):

∑

α,β

(

a b c
α β γ

)(

a b c′

α β γ′

)

=
δc,c′δγ,γ′

(2c + 1)
.

As in previous manipulations of this identity, we rewrite the second 3jm-
symbol in such a way as to create the required phase factors which allow
transcription into graphical symbols,

∑

α,β

(

a b c
α β γ

)

(−1)a−α+b−β+c′−γ′

(

a b c′

−α −β −γ′

)

=
δc,c′δγ,γ′

(2c + 1)
,

where the first 3jm-symbol has three outgoing lines and the second three
ingoing lines. The change to negative m-values introduces a phase (−1)a+b+c

which may be augmented with (−1)−α−β−γ′

= 1 because α + β + γ′ = 0 by
definition.
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(

a b c
α β γ

)

−

a, α

b, β

c, γ

(−1)a−α+b−β+c′−γ′

(

a b c′

−α −β −γ′

)

−

a, α

b, β

c′, γ′

Fig. 4.8. Compared to Fig. 3.3 the diagrams of both 3jm-symbols have been rotated
around the node without changing the cyclic arrangement

To facilitate joining corresponding angular momentum lines the cyclic order of
the right-hand side 3jm-symbol is changed together with the node sign, as re-
quired. The next step consists in the introduction of the sums over projections
α and β.

∑

α,β

(−1)a−α+b−β+c′−γ′

(

a b c′

−α −β −γ′

)

×
(

a b c
α β γ

)

−c′, γ′ +! c, γ

a

b

Fig. 4.9. Note that the cyclic order in the right 3jm-symbol has been changed
together with the node sign

The resulting diagram has only two remaining external lines and will now be
rearranged without changing its value.
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∑

α,β

(−1)a−α+b−β+c′−γ′

(

a b c′

−α −β −γ′

)

×
(

a b c
α β γ

)

− c′, γ′

+ c, γ

a b

Fig. 4.10. The node positions and the line directions have changed but the content
and the characteristics of the diagram remain unchanged

To make further progress we use the method of line contraction, thereby redu-
cing the number of lines with a summation over an extra angular momentum
x and its projection ξ, which has been demonstrated in Sect. 4.1. These steps
include also a temporary change of direction for an external line to prepare
the diagram for sums over x, ξ according to the contraction method, p. 33.

+

−

a b + −x

x

c
c, γ

c′ c′γ′

Fig. 4.11. The direction of the c, γ-line is now temporarily changed to allow the
introduction of an extra sum over both x and ξ

The single line rule, p. 23, replaces x by zero2. In order to create the correct
directions for node removal, the direction of the internal c′ line is changed.

2 Note that the double line x connects a closed diagram on the left with the external
lines on the right as required by the single line rule.
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+

−

a
b + 0 −0

0c c, γ

c′ c′γ′

Φlr = (−1)2c′

Fig. 4.12. The direction of the c, γ-line has been returned to the previous direction

Both nodes and the 0-lines are now removed, leading to the two triangular
diagrams which taken together represent the factor δc,c′/(2c + 1).

+

−

a
b

c

c, γ

c′, γ′

+

+

+c

c′c

+

+

+c′

cc′

Φlr = (−1)2c′+2c

Fig. 4.13. The direction of the c-line in the left diagram is changed to achieve the
desired orientation of all three lines The single line on the right-hand side introduces
δγ,γ′

The two triangular elements can be merged into a single quadrangular diagram
shown as entry (5) in Fig. 3.4.



40 4 Orthogonality Relations for 3jm-Symbols

+

−

a b c

c, γ

c′, γ′

Φlr = (−1)4c = 1

+

+ +

+

c

c′

c

c′

Fig. 4.14. The square element contains the factor resulting from the removed modes

The final result contains the symbol derived in Fig. 4.6, a factor 1/(2c + 1)
and a free line giving two Kronecker-δs required for the relation in question.

∑

α,β

(−1)a−α+b−β+c′−γ′

(

a b c′

−α −β −γ′

) (

a b c
α β γ

)

=
∑

α,β

(

a b c′

α β γ′

) (

a b c
α β γ

)

=
δc,c′δγ,γ′

(2c + 1)
.
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Properties of the 6j-Symbol

Introduced in Sect. 2.2, the 6j is a symbol of very high symmetry and many
applications in mathematical physics. E.g., sum rules for transition matrix
elements. Symmetry properties will be reviewed in Sect. 5.2 after considering
the 6j definition first.

5.1 Definition of the 6j-Symbol

The 3nj-symbols in the theory of angular momentum are all constructed from
3jm-symbols and we are going to look now at the 6j-symbol. This symbol
has four nodes connected by six angular momentum lines in the graphical
representation. An algebraic definition of the 6j-symbol has the following
form (see for example [9]):

{

a b c
d e f

}

=
∑

α,β,γ
δ,ε,ϕ

(−1)d+e+f+δ+ǫ+ϕ

×
(

a b c
α β γ

)(

a e f
α ε −ϕ

)

×
(

d b f
−δ β ϕ

)(

d e c
δ −ε γ

)

.

In preparation for the translation into graphical symbols we change the signs
of the projections of three symbols, taking into account (2.3) and that the
sum of the three projections in a 3jm-symbol is always zero by definition:

{

a b c
d e f

}

=
∑

α,β,γ
δ,ε,ϕ

(−1)d+e+f+δ+ǫ+ϕ

×
(

a b c
α β γ

)

(−1)a−α+e−ε+f+ϕ

(

a e f
−α −ε ϕ

)

E. Balcar, S.W. Lovesey, Introduction to the Graphical Theory of Angular
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×(−1)d+δ+b−β+f−ϕ

(

d b f
δ −β −ϕ

)

×(−1)d−δ+e+ε+c−γ

(

d e c
−δ ε −γ

)

.

Rearranging the quantum numbers in the phase factors we arrive at
{

a b c
d e f

}

=
∑

α,β,γ
δ,ε,ϕ

(−1)2d+2δ+2e+2ǫ+2f+2ϕ

×
(

a b c
α β γ

)

(−1)a−α+e−ε

(

a e f
−α −ε ϕ

)

×(−1)b−β+f−ϕ

(

d b f
δ −β −ϕ

)

(−1)d−δ+c−γ

(

d e c
−δ ε −γ

)

.

With (−1)2d+2δ = 1, (−1)2e+2ǫ = 1 and (−1)2f+2ϕ = 1 the first phase factor
can now be omitted and all four 3jm-symbols have the necessary phases and
are, in Fig. 5.1, transcribed into diagrammatic form.

+

a, α

b, β c, γ

+

a, α e, εf, ϕ

+d, δ

c, γ

e, ε

+

f, ϕ

b, β

d, δ

Fig. 5.1. The four 3jm-symbols in our definition of a 6j are arranged such that
corresponding in- and outgoing lines are aligned in preparation for sums over all
projections

Due to the properties of the 3jm-symbols not all six projections are inde-
pendent of each other and, subsequently, some sums are purely formal. The
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resulting graphical symbol is a closed diagram with no external lines as it
must be.

+

+

++

f

d

e

a

b c

+−!

− !+

f

d

e

a

b

c

{

a b c
d e f

}

⇒

Fig. 5.2. The angular momentum lines connecting the four nodes indicate sums
over all projections in the definition of the 6j

The graphical representation of the 6j-symbol consists of four positive nodes
in a triangular pattern with one central node. The three angular momenta in
the top row of the 6j-symbol are attached to the central node and are directed
to the three outer nodes. The three angular momenta from the bottom row
of the 6j-symbol are arranged in counter-clockwise direction as sides of the
triangle in such a way that the elements of the columns in the 6j-symbol are
opposites.

The quadratic diagram in the right-hand part of Fig. 5.2 is obtained from
the triangular diagram by moving the central node to the right and up across
the e-line. This move affects the arrangement of the angular momentum lines
at two nodes which change, therefore, to a negative node sign. This is just
one example for an allowed deformation of a diagram and we see that there
are many more completely equivalent diagrams which can be generated in
a similar way. The diagram on the left-hand side of Fig. 5.2 represents the
definitive form of a 6j-symbol and, in some cases, transformed diagrams can
acquire a phase when brought into the form of Fig. 5.2 with corresponding
line directions and node signs.

5.2 Symmetry Properties of the 6j-Symbol

The 6j-symbol vanishes unless the four triangle conditions in the four 3jm-
symbols of the definition are satisfied. The triangle conditions for the analytic
form of the 6j-symbol are indicated here:
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.

The 6j symbol is invariant under any permutation of its columns, and any
pairwise exchange between top-row and bottom-row elements

{

a b c
d e f

}

=

{

a e f
d b c

}

=

{

d b f
a e c

}

=

{

d e c
a b f

}

,

for example. It is worthwhile to perform the graphical equivalent of these
operations and we consider the last 6j-symbol in the equality above.

−

+

− +

−

+

−

+

f

d

e

a

b

c

+

+

++

f

d

e

a

b

cΦns = (−1)2a+2b+2c+2d+2e+2f

Φlr = (−1)2b+2c+2d

{

d e c
a b f

}

⇒

Fig. 5.3. Compared to Fig. 5.2 the central node has changed place with the right-
hand bottom node. This operation has altered the cyclic arrangement of lines at all
four nodes which have obtained a negative node sign The usual ‘!’ indicator of node
sign change is absent here. The left-hand diagram needs several changes in order to
assume assume the definitive form of a 6j-symbol

In order to conform with the diagram given in Fig. 5.2 all node signs and three
line directions have to be changed. The corresponding phases result from node
sign change where each angular momentum contributes twice to Φns, and line
reversal contributes Φlr.

Φns = (−1)2a+2b+2c+2d+2e+2f Φlr = (−1)2b+2c+2d .
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In the first equality we use (−1)2e+2f = (−1)2a and find that the net phase
is 1 as expected.

Φ = (−1)4a+4b+4c+4d = 1 .

Except for an exchange of columns, which leaves a 6j-symbol invariant, the
right-hand side diagram in Fig. 5.3 has the definitive form of a 6j-symbol.

5.3 6j-Symbol with a zero element

A special 6j-symbol is obtained by setting d = 0, say, and, as a consequence,
e = c and f = b to obey the triangle rule.

{

a b c
0 c b

}

= (−1)a+b+c 1
√

(2b + 1)(2c + 1)
.

This result is now derived by the graphical technique:

+

+

++

b c

a

b c

0 0

+

+

+

0

+

0

b c

a

b c

Φlr = (−1)2b

⇒

Fig. 5.4. The value for the d-line in Fig. 5.2 is set to zero. The direction of one
b-line is reversed to create the appropriate arrangement of lines for node removal of
a node with positive node sign

Both nodes with the zero-lines can now be removed and the corresponding
factors are taken into account.

+

+

+b

bb

+

+ −

ab c

+

+

+c

cc

Φlr = (−1)2b+2b Φns = (−1)a+b+c

Fig. 5.5. The central diagram needs another line reversal and a sign change of the
top node to conform with the 3jsymbol first given in Fig. 4.6
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The phase from line reversals is Φlr = (−1)4b = 1 and only the phase from
the change of one node sign Φns = (−1)a+b+c remains.

1√
2b + 1

+

+

+b

bb

Φ = (−1)a+b+c

+

−

ab c

1√
2c + 1

+

+

+c

cc

Fig. 5.6. The central diagram resembles now the diagram in Fig. 4.6 except for the
order of the lines

To reach complete agreement with Fig. 4.6 would require a rotation that takes
the positive node to the top. The angular momentum line b is then moved to
the other side, leaving line c in the middle.

5.4 6j-Symbol with Three 0-Lines

A very simple value is obtained for a 6j-symbol in which all angular momenta
in the top row are zero.

+

++

f = e

d

e = d

0

00

{

0 0 0
d e f

}

⇒

Φlr = (−1)2d+2e+2f

+

++

f = e

d

e = d

Fig. 5.7. The angular momentum lines leaving the central node in Fig. 5.2 are
all zero in this case. The line reversals arrange the 0-lines and the others as is
appropriate for node removal. Since the 0-lines are all pointing inside it is possible
to change to two-line nodes
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The transition to two-line nodes in the right-hand part of Fig. 5.7 reproduces
the well known entry (4) from Fig. 3.4 for 1/

√
2d + 1. Because d = e = f line

reversals contribute a phase Φlr = (−1)2d. In analytical form we have
{

0 0 0
d e f

}

= (−1)2d δd,eδe,f√
2d + 1

.

The degenerate central node with 3 zero-lines, equivalent to an 3jm-symbol
with six zeroes and a value of 1, has been left out in Fig. 5.7.
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Properties of the 9j-Symbol

Introduced in Sect. 2.2, the 9j-symbol is, algebraically, less symmetric than the
6j but equally useful in mathematical physics. In contrast, the diagrammatic
form displays a very high degree of symmetry.

The definition of the 9j-symbol and its graphical representation is consi-
dered in Sect. 6.1 before some of the properties and the symmetries are treated
in Sect. 6.2.

6.1 Definition of the 9j-Symbol

The 3nj-symbol with n = 3 is constructed from six 3jm-symbols summed
over all projections. We note again, that not all projections are independent
and so some of the sums are purely formal. The definition of the 9j-symbol
as given in [4] or [9] is

⎧

⎨

⎩

a b c
d e f
k l m

⎫

⎬

⎭

=
∑

α,β,γ
δ,ǫ,ϕ
κ,λ,μ

(

a b c
α β γ

) (

d e f
δ ǫ ϕ

) (

k l m
κ λ μ

)

×
(

a d k
α δ κ

)(

b e l
β ε λ

)(

c f m
γ ϕ μ

)

.

Note the use of an angular momentum m with projection μ in this formula,
not to be confused with the projection m of j. In order to prepare this analytic
expression for transcription into graphical symbols we change the projections
of the last three 3jm-symbols, from positive to negative according to (2.4),
and recall that projections in a 3jm-symbol add to zero.

⎧

⎨

⎩

a b c
d e f
k l m

⎫

⎬

⎭

=
∑

α,β,γ
δ,ǫ,ϕ
κ,λ,μ

(

a b c
α β γ

) (

d e f
δ ǫ ϕ

) (

k l m
κ λ μ

)
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×(−1)a−α+d−δ+k−κ

(

a d k
−α −δ −κ

)

(−1)b−β+e−ε+l−λ

(

b e l
−β −ε −λ

)

×(−1)c−γ+f−ϕ+m−μ

(

c f m
−γ −ϕ −μ

)

.

From this formula one can see that the 9j-symbol is built from three 3jm-
symbols with three outgoing lines and three 3jm-symbols with three ingoing
lines.

+a, α

b, β

c, γ

−l, λ

b, β

e, ε

−

k, κ

a, α

d, δ

+

d, δ

e, ε

f, ϕ

+

k, κ

m, μ

l, λ

−c, γ

m, μ

f, ϕ

Fig. 6.1. Six 3jm-symbols in our definition of a 9j-symbol are arranged such that
the intended line connections are anticipated

All nodes are now connected to indicate the summation over all magnetic
quantum numbers.

+

−

+

−

+

−

a

b

c

d

e

fk

l

m

+

− − !

+ !

+

−

a

b

c

d

e

fk

l

m

{

a b c
d e f
k l m

}

⇒

Fig. 6.2. Some of the summations in these diagrams are purely formal. The diagram
on the left-hand side is the graphical representation of the 9j-symbol
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The graphical representation of the 9j-symbol, on the left-hand side of Fig. 6.2,
has nodes arranged in shape of a hexagon with alternating positive and nega-
tive node signs. The angular momenta of each row of a hexagon-shaped 9j-
symbol go out from one of the positive nodes and end in three negative nodes.
All three elements of a column in a 9jsymbol go into a negative node.

The diagram on the right-hand side of Fig. 6.2 is the result of moving
the top and bottom node to the right thereby changing the line arrangement
and node sign at both nodes. Both diagrams are completely equivalent with
respect to their value.

6.2 Symmetry Properties of the 9j-Symbol

All rows and all columns in a 9j-symbol are subject to a triangle condition
as we can see from its definition through six 3jm-symbol. The symmetry
properties of the 9j-symbol allow 64 symmetry operations in total. The 9j-
symbol is invariant against cyclic (even) permutation of rows and columns
and a reflection through the main diagonal. An odd permutation introduces
a phase factor. This, of course, is also obtainable from the graphical method.

+

− −

+

− !−

a

b

cd

e

fk

l

m

−!

+

− −

+

−
!

− +−

a

b
cd

e

f

k

l

m

⇒

{

a b c
d e f
k l m

}

Φns = (−1)a+b+c(−1)d+e+f (−1)k+l+m

Fig. 6.3. The right-hand side diagram in Fig. 6.2 is rearranged in such a way that
the d- and the f -line at the positive inner node change place Here, the horizontal
f -line is moved below the l-line in the right-hand side diagram

Note here that in one case an indirect node-sign change, indicated by the ‘!’, is
followed by a direct node-sign change. In order to correspond to the graphical
form of the 9j-symbol three nodes in Fig. 6.3 need a different node sign and
this leads to the phase Φns. In each case the outgoing lines belong to positive
nodes and enter negative nodes.
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{

a b c
d e f
k l m

}

= (−1)a+b+c+d+e+f+k+l+m

{

a c b
d f e
k m l

}

Φns = (−1)a+b+c+d+e+f+k+l+m

+

− +

−

+−

a

b
cd

e

f

k

l

m

Fig. 6.4. The resulting diagram is, once again, in accordance with the definition of
the 9j-symbol but with an additional phase factor

The exchange of the second and third column, which corresponds to an odd
permutation, has introduced a phase factor where the exponent is given by
the sum over all angular momenta in the 9j-symbol.

6.3 A 9j-Symbol with a zero element

As a further exercise we consider a 9j-symbol with one angular momentum
equal to zero and start with the diagram in Fig. 6.2.

{

a b c
d e f
k l 0

} {

a b f
d e f
l l 0

}

+

−

+

−

+

−

a

b

c

d

e

fk

l

0

0

+

−

+

−

+

−

a

b

c = f

d

e

fk = l

l

0

0

⇒

Φlr = (−1)2c+2l

Fig. 6.5. Before the zero-lines and the nodes can be removed, reversal of the c- and
the l-line creates the appropriate line arrangement of ingoing, zero- and outgoing
line

All rows and columns in a 9j-symbol have to fulfil the triangle rule and this
implies c = f and k = l when angular momentum m is set zero. After the
removal of the two nodes with their zero-lines we are left with a diagram
containing four nodes.
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+

+

+l

ll

+

+

+f

ff

− +

− +

a

b

d

e

fl

− +

−
!

+

+ !

+

a

b

d

e

fl

Φlr = (−1)2c+2l Φlr = (−1)2l+2b Φns = (−1)a+d+l+a+f+b

Fig. 6.6. The two factors representing 1/
√

2f + 1 and 1/
√

2l + 1 are shown on the
left and the Kronecker-δ have been taken into account in the diagrams. To approach
the definition of a 6j-symbol the bottom right node is moved into the triangle defined
by the a-, b- and l-line

The accumulated phase simplifies because (−1)4l = 1 and, furthermore,
(−1)2a+2b+2c = 1. The remaining phase factor is (−1)b+d+f+l.

(−1)d+l+f+b

√

(2f + 1)(2l + 1)

{

d e f
b a l

}

+

+

+l

ll

+

+

+f

ff

+

++

+

a

b

d

e f

l

Φns = (−1)d+l+f+b

Fig. 6.7. The graphical diagrams are now converted into their analytic expressions

With this result we have concluded the graphical derivation of a formula given,
for instance, in [9] for a 9j-symbol with one angular momentum set zero:

⎧

⎨

⎩

a b f
d e f
l l 0

⎫

⎬

⎭

=
(−1)d+l+f+b

√

(2f + 1)(2l + 1)

{

a b f
e d l

}

.

The first two columns in the 6j-symbol have been rearranged here to facilitate
comparison with the relation quoted in the cited reference.
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General Principles for Diagrams

The methods introduced in Chaps. 3-6 concentrate on the application of the
graphical technique to specific examples and simple diagrams. Building on the
basic material from these chapters, we are now in a position to establish a set
of principles and procedures formulated for general diagrams.

It is worthwhile to remind the reader that several conditions and conven-
tions have been specified in Chap. 3. In addition to the basic facts of using
nodes and angular momentum lines, the special methods reserved for zero-
lines and the removal of nodes attached to them are covered. Further basic
building blocks deal with direct change of a node sign, properties of single
external and internal lines, direction reversal and summation over the projec-
tion of an internal angular momentum line. Section 3.9 on reversals of external
lines is included for completeness although, at that stage, the reason for the
development may seem opaque.

Chapter 4 introduces the notation for a sum over both angular momentum
and its projection and implements this into a tool for reducing two external
lines to a double-line summation. Familiarity with algebraic identities of 3jm-
symbols is used to explain the value of the simplest closed diagram, the 3j-
symbol.

7.1 Multiplication Convention

Some figures in the examples we have seen so far contained diagrams consist-
ing of several unlinked graphs. It was implicitly assumed that such unlinked
diagrams translate into a product of the corresponding algebraic expressions.
In the same way, an algebraic expression consisting of several factors is con-
verted term by term into the the equivalent graphical symbols. This conversion
may, as we have seen in Sect. 5.1, require the introduction of additional phase
factors.

E. Balcar, S.W. Lovesey, Introduction to the Graphical Theory of Angular
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7.2 Notation for Graphical Elements

All but a few graphical symbols contain signed nodes represented by a circle
with + or − inside and these signs are related, as we have seen, to the cyclic
order of the angular momenta belonging to this node. Normally, each node
has three angular momenta represented by directed lines going into or coming
out from the node. A diagram may be closed with only internal lines or open,
if external lines are present. An external line is connected to only one node
with the other end remaining free.

A directed line connecting two nodes represents a sum over projections
of the angular momentum. If, in addition, the sum is over both the angular
momentum and its projection, then this sum is represented by a directed
double line in the diagrams (see for example Fig. 4.2 and note the circular
diagram accompanying the double line).

Phase factors due to direct changes of node sign and/or reversals of line
direction are represented by Φns or Φlr, respectively, and, in some cases, com-
bined to the total phase factor Φ = Φns + Φlr.

7.3 Transformation and Deformation

The angular momentum lines connecting to nodes can be straight or curved.
They may be extended and deformed without affecting the value of the dia-
gram. If, however, a deformation of a diagram requires a line to pass over
another line, thus altering the cyclic arrangement of lines at a node, then the
node sign changes with this transformation (see Fig. 5.2, for example). To
draw attention to the fact that the node sign has changed due to a diagram
transformation a ‘!’ is put next to the node and first seen in Fig. 4.2 and
mentioned in Sect. 3.1.

Because the orientation of an angular momentum line has no specific sig-
nificance, it is clear that, a rotation of a diagram has no effect on the value of
the diagram and leads, upon transcription, to an identical algebraic expres-
sion. Transforming a diagram into its mirror image, or enantiomorph, has the
effect of changing all node signs.

In following sections we will present methods for separating and joining
diagrams, changing the direction of angular momentum lines and other pos-
sible transformations. The application of the graphical method is usually di-
rected at evaluating a complicated algebraic expression, containing 3jm- and
3nj-symbols, which is converted into the equivalent graphical representation.
The resulting diagrammatic form may then be treated according to the rules
presented here, and, at the end, the result is again transformed into the cor-
responding algebraic form. When phase factors are neglected, the graphical
method can be applied extremely fast by sketching diagrams with undirected
lines and unsigned nodes. It is, however, essential, for the exact result, to
painstakingly keep track of the phase factors resulting from explicit changes
of line directions or node signs.
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7.4 Diagrams Connected by a Single Internal Line

Rectangular and similar symbols in the following diagrams represent general
symbols with an unspecified number of nodes and, in most cases, at least one
of these rectangles with rounded corners has no external lines1. The rules are,
of course, also applicable to completely closed diagrams, in which case there
are no external lines.

In the case of a single line connection the procedure is particularly simple,
because from symmetry arguments [10; 12] follows zero as the only possi-
ble value for the angular momentum a. Already, a simple example has been
encountered in Fig. 3.16.

a

a → 0

Fig. 7.1. Separation of two diagrams connected by a single line

The single line a = 0 is replaced by zero-lines attached to a node in Fig. 7.2.
The conditions for removal of the 0-line and each node depend on the non-zero
lines (not shown in the diagram). These non-zero lines must have the same
angular momentum value.

0 0

Fig. 7.2. Of the two diagrams at least one has no external lines

The removal of such modes has been demonstrated and discussed in Sects. 3.3
and 3.7.

1 The three external lines in the general diagrams stand symbolically for any num-
ber of external lines.
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We have also seen that, a single external line can only have angular mo-
mentum zero, see, e.g., Figs. 3.8 and 3.9.

7.5 Separation for Diagrams Connected by Two Lines

Figure 7.3 shows a connection by two internal angular momentum lines of
different direction. In order to have the same direction for the lines, we change
the direction of a, for example. This action introduces, as we have seen in
Fig. 3.20, a phase factor Φlr = (−1)2a for the line reversal of a.

a

b

Φlr = (−1)2a

Fig. 7.3. Separation of two diagrams connected by two lines

Two parallel angular momentum lines may be reduced to one line through the
introduction of two new nodes of differing node signs and an angular momen-
tum line x, ξ connecting both nodes in the opposite direction. The expression
is multiplied by (2x + 1) and summed over x and ξ (see e.g. Fig. 4.11). The
technique of reducing the number of lines is also referred to as line contraction,
see Sect. 7.6.

− +

a

b

a

b

x

x

Φlr = (−1)2a

Fig. 7.4. The summation over x and ξ, with a factor (2x+1), reduces the connection
to one single line. The double line indicates that both variables x and ξ are to be
summed



7.5 Separation for Diagrams Connected by Two Lines 59

These two figures can also be read in reverse direction, i.e. such a sum over
x, ξ can be performed if corresponding angular momentum lines enter both
nodes such that we end up with two parallel lines.

However, since the goal here is to separate the two diagrams we can now
appeal to the single line separation procedure as discussed in Sect. 7.4. In
order to create the appropriate directions of ingoing and outgoing lines and
the required node sign, we change the direction of the a-line in both diagrams
and change the right node from + to −. This action leads to additional phase
factors for line reversal and Φns = (−1)a+b for the node sign change.

− +

−
a

b

a

b

0 0

0

Φlr = (−1)2a+2a+2a

Φns = (−1)a+b

Fig. 7.5. The single line requires x = 0 and the line can be replaced by 0-lines.
In order to have the correct arrangement of ingoing and outgoing lines at the free
nodes two line directions and one node sign are reversed

At both nodes the arrangement of the ingoing and outgoing lines relative to
the 0-line is in accordance with the node sign. Thus, we are left with two nodes
where two non-zero angular momentum lines go in and out and, of course, the
two angular momenta must be the same.

− −
a

a

a

a

0 0

0

Φlr = (−1)2a+2a+2a = (−1)2a

Φns = (−1)2a

Fig. 7.6. We have a = b for both lines. The circular 0-line corresponds to the
factor 1

The removal of each node contributes a factor 1/
√

2a + 1 represented by a
triangular symbol in Fig. 7.7.
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a a

+

+

+a

ba

+

+

+b

ab

Φ = Φlr + Φns = 1

Fig. 7.7. The overall phase is 1

The triangular symbols can be merged into a square symbol representing the
factor 1/(2a + 1). This concludes our derivation of the rule for separating
two diagrams linked by two lines, where at least one diagram should have no
external lines.

a a

+

+ +

+

a

b

a

b

Fig. 7.8. The final result for the separation of diagrams joined by two lines

Note that the quadrangular diagram carries a Kronecker δa,b.

7.6 Contraction of Two Angular Momentum Lines

The method discussed in the previous section is an important tool and it is
very useful not only for the separation of diagrams but also when is necessary
to reduce the number of angular momentum lines in a diagram.

a

b

Fig. 7.9. A general diagram with two parallel angular momentum lines
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In this case the two parallel lines are part of a bigger diagram and the reduction
from two to one line may not immediately lead to a separable diagram.

− +
a
b

a
b

x

x

Fig. 7.10. The summation over x and ξ, with a factor (2x+1), reduces two parallel
lines to one line. The double line indicates that both variables x and ξ are to be
summed

The main point in this section is that, the two lines are not just the connection
between two diagrams, as before, but they are angular momentum lines within
one single diagram.

It should be emphasized that line contraction illustrated in Fig. 7.10 is the
basic procedure for simplification and separation of diagrams which will be
applied frequently in following sections.

This method of contracting two lines is also applicable to two external
lines, as has been demonstrated in Figs. 4.10 and 4.11.

7.7 Summation Procedure

The graphical method for summing over angular momentum labels, x and ξ,
has been used in several examples and also in the preceding section. The sum
over x, where the sum contains also the factor (2x + 1), can be performed
graphically if both nodes of the double line x are connected to the same
angular momenta.

− +
a
b

a
b

x

x

Fig. 7.11. Note that the same lines are found at both nodes, and a and b enter at
the left node and go out from the right node The double line indicates that both
variables x and ξ are to be summed. As in previous cases, the direction of x opposes
a and b
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In this case the lines for a, b and x are part of a single diagram and we have
assumed that the x-line appears only once in the diagram and not in unlinked
associated diagrams.

a

b

Fig. 7.12. As a result of the summation on x and ξ the nodes connected by x are
removed and the a- and b-line remain

We will now consider a variation of the summation procedure.

+ +
a

b a
b

x

x

Fig. 7.13. Note that the cyclic arrangement of lines at the left node has changed
and both nodes have the same sign. The line directions are the same as in Fig. 7.11

As before the lines for a, b and x are part of a single diagram and we have
assumed that the x-line appears only once in the diagram.

a
b

Fig. 7.14. As a result of the summation the nodes connected by x are removed and
the a- and b-line remain but in this case the lines cross

There are situations where the angular momentum x is present in several
unlinked diagrams. In this case these diagrams have to be linked, by methods
introduced in the following sections, until the x-line appears only once and
the diagram resembles one of the cases discussed here.
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7.8 Separation for Three Lines

The following Fig. 7.15 shows two diagrams connected by three angular mo-
mentum lines with directions in common. The prescription for a three-line
separation will be derived using line contraction and properties of single in-
ternal lines, as encountered in preceding sections.

a

b

c

Fig. 7.15. Separation of two diagrams connected by three lines of common direction

The method for reducing two parallel lines to a single line with a corresponding
summation has been discussed above. Because the x-line has to be antiparallel
to a and b we implement, for convenience, also a direction change for the c-line,
thereby introducing the phase (−1)2c.

− +

a

b

a

b

c

x

x

Φlr = (−1)2c

Fig. 7.16. The summation over x and ξ, with a factor (2x + 1), reduces the con-
nection to two lines with the same direction, because the direction of c is changed

A further summation over y and η is introduced to reduce the connection to
a single line and the directions of both c-lines are changed in preparation for
removal of the nodes left after y is set to zero.
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− +

− +

a

b

a

b

cc

x x

y

x

y

Φlr = (−1)2c+2c+2c = (−1)2c

Fig. 7.17. The two lines are reduced to one and we can proceed in the same way
as before

In order to achieve the correct arrangement of ingoing and outgoing lines, the
node sign for the left node is changed and the corresponding phase taken into
account.

− +

− +

+

a

b

a

b

cc

x x

0
0

x

0

Φlr = (−1)2c Φns = (−1)x+c = (−1)2c

Fig. 7.18. The single line has been removed because y = 0. The diagrams are now
separated

Because only two non-zero angular momentum lines enter and leave the re-
maining nodes the angular momentum values have to be the same in both
cases.
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− +

+ +

a

b

a

b

cc

c c

0
0

c

Φlr = (−1)2c

Φns = (−1)x+c = (−1)2c

Fig. 7.19. Two nodes with only two non-zero lines remain and introduce δx,c such
that the sum over x has only one term namely x = c

Note that the summation over x collapses to a single term x = c.

− +

a

b

a

b

cc

+

+

+c

cc

+

+

+c

cc

c

Φlr = (−1)2c

Φns = (−1)2c

Fig. 7.20. The removal of the nodes from both lines produces two factors, each of
value 1/

√
2c + 1

The product of two factors 1/
√

2c + 1 cancels (2c + 1) which is a remnant of
the sum over x. Looking back at our starting point, Fig. 7.15, we find that
two diagrams connected by three equidirectional lines can be separated by the
introduction of two new nodes of different sign. One node has the three lines
as ingoing lines and the other as outgoing lines. At least one diagram must
not have external lines.



66 7 General Principles for Diagrams

− +

a

b

a

b

cc

Φ = Φlr + Φns = 1

Φlr = (−1)2c Φns = (−1)2c

Fig. 7.21. The node signs of the newly created nodes have to be different, but which
node is chosen positive and which is chosen negative is a matter of choice

With Φ = 1 the separation of diagrams linked by three angular momentum
lines can be performed without additional phase, if the starting point resem-
bles Fig. 7.15.

The separation procedure derived here may be combined with our ability
to reduce the number of lines connecting two diagrams to allow, in principle,
separation of diagrams linked by any number of lines. At least one of the two
diagrams must not have external lines.

7.9 Joining Two Diagrams

Retracing the steps that led to the simple result in Fig. 7.21, we find en route
the procedure for joining two diagrams, if both have a node attached to the
same three angular momentum lines. If the three lines, a, b and c, enter one
node and leave the other, the joining of the two diagrams is straightforward.

− +

a
b

a
b

cc

Fig. 7.22. The node signs of the two nodes have to be different, but which node is
positive and which negative is, once more, a matter of choice
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Changing the node sign for both nodes introduces no phase factor because
Φ = (−1)a+b+c(−1)a+b+c = 1. Thus, two separate diagrams can be joined at
the two nodes if these have three angular momentum lines in common.

a

b

c

Fig. 7.23. The two previously unlinked diagrams connected by three lines

The procedure described here represents an important and useful tool. It is
applied in such cases where an angular momentum is a summation variable
present in more than one diagram, see e.g. Sect. 8.2.1.

7.10 Separation for Four Lines

In this case two pairs of lines have the same and opposite direction, respec-
tively. We draw again from the results of previous sections. All being well, it
should be routine to perform the following steps.

a

b

c

d

Fig. 7.24. Separation of two diagrams connected by four lines, two of which are
pairwise parallel

For each pair of lines two new nodes and a summation over the new angular
momentum line is introduced, together with the concomitant factors (2x+1).
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+ −
a

b

a

b

x

x

− +

c

d

c

d

y

y

Fig. 7.25. Two additional summations are inserted such that the connections be-
tween diagrams are reduced to two

We follow the procedure for diagrams separated by two lines as given in
Fig. 7.8.

+ −
a

b

a

b

x

− +

c

d

c

d
x

x x

+

+ +

+

x

x

x

x

Fig. 7.26. Here we apply the rule for separating diagrams connected by two lines,
see Fig. 7.8

This figure simplifies due to the cancellation of one circular and the quadran-
gular diagram.
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+ −a

b

a

b
x

− +

c

d

c

d

x x

Fig. 7.27. Two of the additional factors cancel and a single sum over x remains

Note that in Fig. 7.27 the summation over the extra angular momentum x
remains a part of the solution. Figure 7.27 shows also the way to join two dia-
grams, which both contain a sum over an angular momentum with the nodes
attached to corresponding angular momenta. After joining the two diagrams
at two corresponding nodes we return to a situation described in Fig. 7.11,
where the double line x appears only once.

7.11 Separation for Five Lines

All five angular momentum lines, in Fig. 7.28, connecting the two diagrams
point in the same direction. At least one of the two diagrams has no external
lines.

a

b

c

d

e

Fig. 7.28. Two diagrams connected by five angular momentum lines
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Applying the result from Fig. 7.10 to the a- and b-line, and, separately, to the
d- and e-line, demands the introduction of two new variables x and y together
with the corresponding summations and factors (2x + 1) and (2y + 1).

c

+ −a

b

a

b
x

x

+ −d
e

d
e

y

y

Φlr = (−1)2c

Fig. 7.29. In preparation for the next step the direction of the c-line is reversed
and the required phase change is indicated below the c-line

The x-, c- and y-line have all the same direction and we can use the result
given in Fig. 7.21 for a three-line separation.

+ −

+ −a

b

a

b
xx

x

+ −
d
e

d
e

yy y

cc

Φlr = (−1)2c(−1)2c = 1

Fig. 7.30. Two new nodes are introduced for the three-line separation. A direction
change of one c-line adds another phase factor

Because of (−1)4c = 1 there is no extra phase factor.
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+ −

+ −
a

b

a

b
xx

x

+ −

d
e

d
e

yy
y

cc

Fig. 7.31. The separation of two diagrams connected by five lines has lead to two
extra summations over x and y. Note that one of the two c-lines has no longer the
original direction

From this result it is fairly easy to extrapolate to the separation of six lines.
The method from Fig. 7.10 will be applied three times and, therefore, three
new variables and their sums will be introduced. Once more, the three line
separation from Fig. 7.21 produces the desired result.
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Closed Diagrams

In Chaps. 4-6 the result of an algebraic expression served as the touchstone
for demonstration of the equivalent power of the graphical method. In the fol-
lowing sections the emphasis is shifted to posing a problem and deriving the
solution by application of the general rules derived so far for the manipula-
tion and transformation of diagrams. In all following sections the summation
procedure of Sect. 7.7 will be frequently on call.

8.1 Sums with Single 3nj-Symbols

All examples in this section analyse sums of single 3nj-symbols and lead to
surprisingly simple results. Even more fascinating, one may find, is the little
effort needed in the graphical method to produce outcomes, in comparison
with, in most cases, considerable algebraic effort. The results in the following
examples are all listed by Varshalovich et al. [12] in Sect. 12.2. To facilitate
comparison we have used the same angular momentum variables.

Although only single sums are considered here, the graphical method can,
of course, equally well be applied to double sums etc., and many examples are
found in [12].

8.1.1 Sum with a 3j-Symbol

The simplest 3nj-symbol is the 3j-symbol of Fig. 4.6 which has the value
1. We use 1△{a,b,x} to indicate that the three angular momenta must fulfil
the triangle condition. In this diagram we replace c → x, to conform with
Varshalovich et al. [12], and consider the sum over x. Close inspection reveals
that the 3j-symbol thus limits the range of x-values.

∑

x

(2x + 1){a b x} =
∑

x

(2x + 1)1△{a,b,x} = ?

E. Balcar, S.W. Lovesey, Introduction to the Graphical Theory of Angular

Momentum, STMP 234, 73–117, DOI 10.1007/978-3-642-03118-2 8,
c© Springer-Verlag Berlin Heidelberg 2009
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− +x

a

b

x

Fig. 8.1. The double line for x indicates that a sum is to be taken over x and this
implies a factor (2x+1) shown in the figure Note that the summation over ξ is part
of the definition of the 3j-symbol but this sum is purely formal here, because ξ is
fixed by the values of α and β

It is perhaps not easy to see at once that this sum corresponds to the general
diagram shown in Fig. 7.11. To make this connection clearer, we redraw the
diagram of Fig. 8.1.

− +x

a

b

x

Fig. 8.2. The three angular momenta go out from the +-node and go into the
−-node

It is now straightforward to apply the summation as described in Sect. 7.7 and
we find

a

b

Fig. 8.3. The sum removes the double line and the corresponding factor

The graphical analysis translates into the simple formula
∑

x

(2x + 1)1△{a,b,x} = (2a + 1)(2b + 1) ,
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and this corresponds to the sum of (2x + 1) for the values |a− b| ≤ x ≤ a + b
as we can see1.

8.1.2 Alternating Sum with a 3j-Symbol

It is instructive to consider a variation of the diagram given in Fig. 8.2 for
a = b. The sum over x is an example of the summation procedure considered
in Fig. 7.13.

∑

x

(−1)2a+x(2x + 1)1△{a,a,x} = ?

−

+

+x

a

a

x

Φ = (−1)2a+x

Φns = (−1)a+a+x

Fig. 8.4. Note the additional phase factor (−1)2a+x which multiplies the terms of
the sum. A direct change of node sign prepares the diagram for the summation

Due to the phase factor the terms will have alternating signs and we expect
a different result compared to the formula in Sect. 8.1.1. However, this phase
is cancelled by the extra phase induced by the direct node sign change in the
diagram.

+ +x

a

a

x

Fig. 8.5. The additional phase factor (−1)a+a+x from change of the node sign in
Fig. 8.4 cancels the original phase factor

The sum can now be performed but the lines cross in this case (see Sect. 7.7).

1 Legend has it that young C. F. Gauß could do similar sums in primary school.
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a

⇒

a

Fig. 8.6. The summation procedure removes the double line together with the
corresponding factor

The algebraic result from graphical analysis is,
∑

x

(−1)2a+x(2x + 1)1△{a,a,x} = (2a + 1) .

The range of the summation index 0 ≤ x ≤ 2a here is in accord with the
triangle condition △{a, a, x}.

8.1.3 Sum with a 6j-Symbol

On the next level of complexity we turn our attention to sums of 6j-symbols.

∑

x

(2x + 1)

{

c a b
x a b

}

= ?

+

+

++

b

x

a

c

a b

x

Φlr = (−1)2a+2a+2b

Fig. 8.7. The double line for the angular momentum x is an indication of the sum
over x and, as usual, the factor (2x + 1) is part of the sum

Changes of line directions are required to prepare the diagram for the applica-
tion of the summation procedure of Sect. 7.7 and the appropriate phase factor
is taken into account.
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+

+

++

b

x

a

c

a b

x

Φlr = (−1)2a+2a+2b

Fig. 8.8. The same angular momentum lines for a and b enter and leave the nodes
connected by the double line x

Note that the sum can be performed following the procedure displayed in
Figs. 7.13 and 7.14, where the reconnected lines cross.

+

+

c

b

a

Φlr = (−1)2a+2a+2b

⇒

+

+

c

b

a

Φlr = (−1)2a+2a+2b

⇒

+

−

a b c

Φlr = (−1)2a+2a+2b

!

Fig. 8.9. The sum is carried out and the corresponding parts of the a- and b-line
have been reconnected

Performing the sum over x has created a rather confusing diagram but a
careful check will confirm that the remaining a-, b- and c-lines are very close
to a familiar diagram, if the direction of the b-line and the c line are reversed.
The additional phase factor gives Φlr = (−1)4a+4b+2c = (−1)2c. We note also
that, the transformation of the diagram has changed the cyclic order at the
lower node and the node sign has been changed accordingly.
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+

−

a b c

Φlr = (−1)2a+2a+2b+2b+2c

⇒

+

−

a b c

Φlr = (−1)2c

Fig. 8.10. The final result is the 3j-symbol with the phase (−1)2c

The initial diagram from Fig. 8.7 is now translated into algebraic form and
from Fig. 8.10 we obtain the following formula:

∑

x

(2x + 1)

{

c a b
x a b

}

=
∑

x

(2x + 1)

{

a b x
a b c

}

= (−1)2c 1△{a,b,c} .

8.1.4 Alternating Sum with a 6j-Symbol

For the next example we use a 6j-symbol different from that in Sect. 8.1.3,
and multiply it with an phase factor Φ = (−1)a+b+x which can, of course, be
absorbed into a direct node sign change, as we have seen in Sect. 8.1.2.

∑

x

(2x + 1)(−1)a+b+x

{

c a a
x b b

}

= ?

+

+

++−

b

x

b

c

a a

Φ = (−1)a+b+x

Φns = (−1)a+b+x

x Φlr = (−1)2b+2b+2a

Fig. 8.11. The double line for the angular momentum x is an indication of the sum
over x together with the factor (2x + 1). Note the extra phase Φ = (−1)a+b+x
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The changes of line direction are required to prepare the diagram for the
summation procedure and the appropriate phase factor has to be taken into
account. The extra phase Φ = (−1)a+b+x has been cancelled by the node sign
change.

+

+

+−

b

x

b

c

a a

x

Φlr = (−1)2b+2b+2a

Fig. 8.12. The same angular momentum lines a and b enter and leave the nodes
connected by the double line x of opposite direction

Note that the sum can be performed following the procedure displayed in
Figs. 7.11 and 7.12.

+

+

c

a

b

Φlr = (−1)2b+2b+2a

Fig. 8.13. The sum can be performed and the corresponding parts of the a and the
b-line are reconnected
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It is possible to deform the diagram such that the b-line no longer overlaps
with the a-line and the cyclic arrangement at both nodes is not affected.

+a

−

+ bc

c → 0

Φlr = (−1)2b+2b+2aΦns = (−1)a+0+a

Fig. 8.14. After some rearrangement, the diagram is closely related to the diagram
in Fig. 3.16. Note that the circular b-line is at the right

In the figure we have indicated that the single line rule will require c = 0. The
situation corresponds to Fig. 3.17, with the exception of the left node, which
has the wrong sign for node removal. With the phase Φns the total phase
factor is Φ = Φns + Φlr = (−1)4a+4b = 1 and the result may be taken from
Fig. 3.18.

a +

+

+a

aa

b+

+

+b

bb

Fig. 8.15. Removal of the two remaining nodes produces the two triangular dia-
grams

The diagram in Fig. 8.11 is now brought into algebraic form and combined
with the corresponding result in Fig. 8.15. We recall from Fig. 3.4 that, the
left circle has the value (2a+1) and the triangular diagram is 1/

√
2a + 1 and,

similarly, for b.

∑

x

(2x + 1)(−1)a+b+x

{

c a a
x b b

}

=

=
∑

x

(2x + 1)(−1)a+b+x

{

a b x
b a c

}

= δc,0

√
2a + 1

√
2b + 1 .
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8.1.5 Sum with a 9j-Symbol

∑

x

(2x + 1)

⎧

⎨

⎩

f x e
b e a
d f c

⎫

⎬

⎭

= ?

+

−

+

−

+

−
f

x

e

b

e

ad

f

c

x

⇒

+

−

+

−

b

ad

c

f e

Fig. 8.16. The definition of the 9j-symbol is given in Fig. 6.2. Note that the same
lines e and f go into and out from the nodes connected by the (double) x-line

The direction of the angular momentum lines and the node signs are already
perfect for the summation procedure, for once. In the diagram on right-hand
side of the figure the remaining parts of the e- and the f -line have been
reconnected.

+

−

+

−b

ad

c

f e

!

!

Fig. 8.17. The nodes on the right-hand side have been flipped around a horizontal
axis and the changes in the cyclic order are reflected by ‘!’ labelling the altered node
signs

This diagram can be separated by analogy with Fig. 7.8 and the result gives
two 3j-symbols and a quadratic diagram.
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+

−

+

−

adf b ec

+

+ +

+

b

b

c

c

Fig. 8.18. The two parts of the diagram connected by just two lines have been
separated

Because the quadrangular diagram, element (5) in Fig. 3.4, leads to a Kron-
ecker δb,c, the angular momentum c can be replaced by b without changing
the value of the diagram. The node signs in the 3j-symbol on the right-hand
side do not correspond exactly to the definition, but it is easy to see that both
node signs may be changed and this would bring no change in phase because
Φ = (−1)2e+2a+2b = 1.

The sum over a 9j-symbol analysed by the graphical method has produced
the following relation:

∑

x

(2x + 1)

⎧

⎨

⎩

f x e
b e a
d f c

⎫

⎬

⎭

=

=
∑

x

(2x + 1)

⎧

⎨

⎩

a b e
c d f
e f x

⎫

⎬

⎭

=
δb,c

(2b + 1)
1△{a,b,e} 1△{b,d,f} .

The second 9j-symbol is derived from the first by a cyclic permutation of rows
and columns.

8.2 Sums with Two 3nj-Symbols

In the context of closed diagrams there is no need to consider 3j-symbols
here because these will lead to cases already discussed in previous sections.
Instead, we start with an example involving two 6j-symbols.

8.2.1 Sum with Two 6j-Symbols

The first example corresponds to an orthogonality relation for 6j-symbols.

∑

x

(2x + 1)

{

a d p
c b x

} {

a d q
c b x

}

= ?

The angular momentum x that is to be summed is present in both 3nj-
symbols and has common nodes with the same angular momentum lines. For
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the graphical summation to proceed, the two symbols have to be joined so
that there is only one x-line in the diagram.

x

+

+

++

c

x

b

p

d a

+

+

++

−

b

x

c

q

a d

Φlr = (−1)2b+2c+2d

Φlr = (−1)2a+2b+2c

Φns = (−1)a+b+x

Fig. 8.19. The double line for the sum over angular momentum x appears in both
3j-symbols and the factor (2x + 1) is part of the sum. As preparation for a three
line joining one node sign has to be changed. Several line directions are changed in
anticipation of the requirements for the sum over x

Several phase factors arise from the transformations indicated in the figure.
To simplify the phase we can drop the parts (−1)4b = 1 and (−1)4c = 1. The
remaining phase is Φ = (−1)2a+2d(−1)a+b+x.

x

+

+

+

+

+

+

−

c

x

b

p

d

a

c

q

d

Φ = (−1)2a+2d(−1)a+b+x

Φns = (−1)c+d+x

Fig. 8.20. Both 6j-symbols have been joined by a three line connection. The line
directions at the nodes connected by the x double line are appropriate for the sum
over x. A further change of node sign is required for the summation procedure

From this figure we can understand the reason for the changes in line direction
effected in Fig. 8.19. The line directions at the nodes connected by the double
line x are appropriate for the summation. Note, however, that the two changes
of node sign have introduced the phase (−1)x twice and this phase can, of
course, no longer be present after the summation has been performed. The
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phase (−1)2x = (−1)−2x = (−1)2a+2b because we know that a, b and x satisfy
a triangle condition and also that a + b + x is an integer which guarantees
(−1)2a+2b+2x = 1.

+

+

+

+

c

b

p

d

a

q

Φ = (−1)2a+2d(−1)a+b+c+d(−1)2a+2b

Fig. 8.21. As a result of the sum the c-and the d-line have been reconnected. Note
that (−1)2x has been replaced by (−1)2a+2b in Φ

This diagram consists of two parts joined just by two lines and can be sepa-
rated.

+

−

+

+

+ −

cb

p

d a

q

Φ = (−1)2a+2d(−1)a+b+c+d(−1)2a+2b

Φlr = (−1)2a+2p+2c

Φns = (−1)d+a+p(−1)q+b+c

Fig. 8.22. The diagram has been rotated and rearranged to emphasize the two-
line connection. The changes of line direction prepare the diagram for the following
separation

The total phase can be simplified by removing (−1)4a = 1 and all similar terms
from Φ. The phase Φ = (−1)2p+q+p remains. Separating the two diagrams
leads to a simple result:
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+

−

+

−

bad p cq

+

+ +

+

p

p

q

q

Fig. 8.23. The two parts of the diagram connected by just two lines have been
separated. The quadratic diagram contains a Kronecker δp,q and the phase Φ =
(−1)2p+q+p ⇒ 1 vanishes

The final result has collapsed into just two 3j-symbols and a quadratic dia-
gram. The relation derived by the graphical method follows from a translation
of Fig. 8.23 inserted into the right-hand side of our starting equation.

∑

x

(2x + 1)

{

a d p
c b x

} {

a d q
c b x

}

=
δp,q

(2p + 1)
1△{a,d,p}1△{b,c,p} .

Here, the first two columns in the first 6j-symbol have been exchanged relative
to the diagram in Fig. 8.19.

8.2.2 Alternating Sum with Two 6j-Symbols

There is only one variation possible for the case of two 6j-symbols, due to the
stringent requirements for joining the diagrams and for the summation over
the variable x. In this variation of Fig. 8.19 the c and the d angular momentum
change place.

∑

x

(−1)x(2x + 1)

{

a d p
c b x

} {

a c q
d b x

}

= ?

In anticipation of the following transformations it is helpful to introduce the
phase factor (−1)x into the first diagram to prevent problems at a later stage.
We conclude from the presence of such a phase factor, with similar factors
encountered already in Figs. 8.4 and 8.11, that the graphical summation pro-
cedure requires a cancellation of this phase factor by a suitable node sign
change of a node to which the x-line is attached. This is because the final
result cannot depend on the summation variable x and, therefore, we have to
achieve (−1)2x ⇒ (−1)2a+2b or a similar replacement in Fig. 8.24.
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x

+

+

++

c

x

b

p

d a

+

+

++

−

b

x

d

q

a c

Φ = (−1)x Φlr = (−1)2b+2c+2d

Φlr = (−1)2a+2b+2d

Φns = (−1)a+b+x

Fig. 8.24. The double line for the sum over angular momentum x appears in both
3j-symbols and the factor (2x + 1) is part of the sum. As preparation for a three
line connection one node sign has to be changed. Several line directions are changed
in anticipation of the requirements for the sum over x

Several phase factors arise from the transformations indicated on the figure.
To simplify the phase we can drop the parts (−1)4b = 1 and (−1)4d = 1. The
remaining phase is Φ = (−1)2a+2c(−1)a+b+x.

x

+

+

+

+

+

+

c

x

b

p

d

a

d

q

c

Φ = (−1)x

Φ = (−1)2a+2c(−1)a+b+x

Fig. 8.25. Both 6j-symbols have been joined by a three line connection. The line
directions at the nodes connected by the x double line are appropriate for the sum
over x

Note, however, that the original phase (−1)x and the phase introduced by the
change of node sign lead to the phase (−1)2x and this phase should no longer
be present after the summation has been performed. The phase (−1)2x =
(−1)2a+2b because we know (−1)2a+2b+2x = 1. The line directions at the
nodes connected by the double line x is appropriate for the summation but
in this case the c- and the d-line will cross because the nodes connected by x
have the same node sign.
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+

+

+

+

d

b

p

c

a

q

Φ = (−1)2a+2c(−1)a+b(−1)2a+2b

Fig. 8.26. As a result of the sum the c- and the d-line have been reconnected. Note
that (−1)2x has been replaced by (−1)2a+2b in Φ

In this diagram we can straighten the angular momentum lines c and d and
thereby alter the cyclic arrangement for all the nodes.

−!

−!

+

−

+

!

− !

d

b

p

c

a

q

Φ = (−1)2c(−1)a+b(−1)2b Φlr = (−1)2c+2p

Φns = (−1)−b−c−b

Φns = (−1)−a−c−q

Fig. 8.27. The diagram has been rearranged and the cyclic order at all nodes has
changed

The phase Φ has been simplified by removing (−1)4a = 1. In anticipation of
the goal, the signs of the upper left and lower right node are changed and lead
to corresponding phase factors. For convenience, in both cases the exponent
has been changed to negative values to simplify the final phase. The upper
left node is now moved across the d-line.
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+!

+

+

+ !

d

b

p c

a

q

Φ = (−1)2c(−1)a+b(−1)2b

Φlr = (−1)2c+2p

Φns = (−1)−b−c−b

Φns = (−1)−a−c−q

Fig. 8.28. The last transformation has produced the definition of a 6j-symbol

With (−1)2b+2c+2p = 1 some of the phases cancel and the remaining phase
factor is (−1)−p−q. From Fig. 8.24, where we note the extra phase (−1)x, and
from Fig. 8.28 we obtain the following result by translating the diagrams into
their algebraic counterparts:

∑

x

(−1)x(2x + 1)

{

a d p
c b x

} {

a c q
d b x

}

= (−1)−p−q

{

c b p
d a q

}

.

The phase can be expressed in a different way:

(−1)−p−q = (−1)2p+2q(−1)p+q = (−1)2c+2d(−1)p+q .

8.2.3 Sum with a 6j- and a 9j-Symbol

In this sub-section we analyse the sum of a 9j- and a 6j-symbol with the
graphical method. The angular momentum variables have been chosen in such
a way that the sum can be carried out graphically.

∑

x

(2x + 1)

⎧

⎨

⎩

e x b
q f c
d a p

⎫

⎬

⎭

{

s a b
x e f

}

= ?

In the following figure the 9j-diagram has been rotated to the left.

x

+

− +

−

+−

c

f
qp

a

d

b

x

e
+

+

++

f

x

e

s

a b

Φlr = (−1)2a+2e+2f

Fig. 8.29. The diagrams are chosen in accordance with the definition of the 9j- and
the 6j-symbol
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The central node in the 6j-symbol is now moved across the x-line.

x

+

− +

−

+−

c

f
qp

a

d

b

x

e

+

+

−

+

!−
!

+

f

x

e

s
a b

Φlr = (−1)2a+2e+2f

Φns = (−1)a+f+x Φns = (−1)b+e+x

Fig. 8.30. The 9j- and the 6j-symbol can be joined at the nodes where the a, f
and x-lines meet if the two nodes have different node signs

The two nodes connected by the double x-line in the 6j-symbol have changed
sign due to the deformation of the diagram, note the exclamation marks. The
nodes are then changed once more directly to fulfil requirements for joining
two diagrams and subsequent summation.

x

+

− +

+− +

+

+

c f

qp

ad

b

x

e

e

s

b

Φ = (−1)2a+2e+2f+2x(−1)a+f+b+e

Fig. 8.31. The new diagram has 8 nodes and is therefore not a 3nj-symbol. The
line directions and node signs are appropriate for the summation over x
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− +

+− +

+c f

q

p

ad

e

b

s

Φ = (−1)2a+2e+2f+2x(−1)a+f+b+e

Fig. 8.32. The b- and the e-line have been reconnected as a result of the summation

Transforming the b- and e-lines into straight node connections alters the node
signs at four nodes.

+ +

++ − !

− !c! f

q

!

p

ad

b

e

s

Φ = (−1)2a+2e+2f+2b+2e(−1)a+f+b+e Φlr = (−1)2c

Fig. 8.33. The phase (−1)2x has been replaced by the equivalent term (−1)2b+2e

At first glance the diagram in Fig. 8.33 seems rather confusing and it is not
easy to see how it could be expressed by 3nj-symbols. There are 6 nodes
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but the diagram can not be transformed into a 9j-symbol. An indication of
a possible, useful transformation are the two triangles formed by a, b, p and
e, f, q.

+ +

−! +

− −

c

f

qp

a

d

b
e

s

Φ = (−1)2a+2e+2f+2b+2e+2c(−1)a+f+b+e

Fig. 8.34. The deformation of the diagram shows that two parts are connected by
three angular momentum lines and can, thus, be separated

Following this deformation, we have reached a situation corresponding to
Fig. 7.15 and can proceed to separate the two parts as shown in Fig. 7.21.

+ +

− +

−+ − +

− +

c c

f

qp

a

d d

b
es s

Φ = (−1)2a+2e+2f+2b+2e+2c(−1)a+f+b+e

Φlr = (−1)2b+2d+2p+2c+2d+2q+2e+2f Φns = (−1)a+b+s+e+f+s

Fig. 8.35. The separation according to Fig. 7.21 results in two 6j-symbols

Changes in line direction and node sign changes have to be performed to
achieve the diagrammatic form for the 6j-symbols.
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+

++!

+

+

+

+ !

+

c

c

f

q

p

a

d

d
b

e

s

s

Φ = (−1)2a+2e+2f+2b+2e+2c(−1)a+f+b+e

Φlr = (−1)2b+2d+2p+2c+2d+2q+2e+2f Φns = (−1)a+b+s+e+f+s

Fig. 8.36. The top-most node in the left diagram has been moved across the d-line
and the nodes of the d-line have changed sign

It remains to simplify the phase. Due to direct node sign changes there are
two terms, namely, (−1)a+f+b+e and (−1)a+b+s+e+f+s which have sums of
single angular momentum variables in the exponent. Both terms together lead
to (−1)2a+2b+2e+2f+2s and this phase is merged with the other phases coming
from line reversals. Next we remove all terms like (−1)4a = 1, (−1)4b = 1 etc.
and the remaining phase is Φ = (−1)2b+2p+2q+2f+2s. Further simplification is
possible if we use (−1)2b+2p+2c = 1 and replace 2b + 2p by 2c in the exponent
and find with (−1)2c+2q+2f = 1 that the resultant phase factor is Φ = (−1)2s.

Transcription of the final result gives the following relation

∑

x

(2x + 1)

⎧

⎨

⎩

e x b
q f c
d a p

⎫

⎬

⎭

{

s a b
x e f

}

= (−1)2s

{

b c p
d a s

}{

d e q
f c s

}

,

and by using the symmetry properties of 6j- and 9j-symbols this relation can
be brought into the form given in [12].

∑

x

(2x + 1)

⎧

⎨

⎩

a f x
d q e
p c b

⎫

⎬

⎭

{

x e f
s a b

}

= (−1)2s

{

a b s
c d p

} {

c d s
e f q

}

.
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8.2.4 Sum with Two 9j-Symbols

In this sub-section we consider a sum that involves two 9j-symbols. We will
find that the sum can be performed but the resulting diagram will no longer
be separable. Thus, the result will be interpreted as a new entity defining a
3nj-symbol of higher order.

∑

x

(2x + 1)

⎧

⎨

⎩

a b p
c d q
r s x

⎫

⎬

⎭

⎧

⎨

⎩

e f p
g h q
r s x

⎫

⎬

⎭

= ?

As in most of our examples the variable names follow those chosen in [12] to
facilitate comparison.

Φlr = (−1)2x+2p+2q+2r+2s

x

−

+ −

+

−+

d

s

b

c

r

a

q

x

p

+

− +

−

+−

e

p
f

g
q

h

r

x

s

Fig. 8.37. The diagrams are chosen in accordance with the definition for the 9j-
symbols but the diagrams have been rotated

In anticipation of the need for appropriate line directions, some angular mo-
mentum lines are reversed.

Φlr = (−1)2x+2p+2q+2r+2s

x

−

+ −

+

−+

d

s

b

c

r

a

q

x

p

−

+ −

+

−+

e

p
f

g
q

h

r

x

s

Fig. 8.38. The diagram on the right-hand side has been rotated around a horizontal
line which gives a mirror image through which all nodes change sign
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The two diagrams can now be joined at the two nodes in the centre of Fig. 8.38,
both connected to lines r, s and x.

x

−

+ −

−+

d

b

c

a

q

p

+ −

+

−+

e

p
f

g
q

h

r

x

s

Φlr = (−1)2x+2p+2q+2r+2s

Fig. 8.39. The p- and q-lines have the appropriate directions to carry out the sum
over x

+ −

−+

d

b

c

a + −

−+

e

p
f

g

q

h

r

s

Φlr = (−1)2r+2s

Fig. 8.40. The p- and q-lines have been reconnected as a result of the sum over x
and the phase (−1)2x+2p+2q = 1 can be dropped because all three angular momenta
belong to the same node

Inspection shows that this diagram is not separable into 3nj-symbols of lower
order. In fact, one could use this diagram as basis for the definition of a
12j-symbol. There are, however, two distinct kinds of 12j-symbol, as we will
discover. We next bring Fig. 8.40 into a more attractive and useful form.
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−!

−

−

−!

+

+ !

+ !

+

d

b

c

a e

p

f

g

q
h

r

s

Φlr = (−1)2r+2s

Fig. 8.41. The diagram requires several transformations to reach the definition of
a 12j-symbol

The diagram is now rotated around a vertical axis and, as a consequence, all
nodes change sign.

− +

− +

− +

− +

d

b

c

ae

p

f

g

q
h

r

s

Φlr = (−1)2r+2s

Fig. 8.42. The diagram is a mirror transformation, exchanging left and right, of
the diagram in Fig. 8.41

In the following transformation the e-line is moved past the g-line and, simi-
larly, the d-line is moved past the b-line. The two nodes affected by this change
of cyclic order change their sign.
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− +

− −
!

+
!

+

− +

d

b

c

a

e

p

f

g

q

h

r

s

Φlr = (−1)2r+2s Φlr = (−1)2a+2b+2c+2d+2p+2q+2r+2s

Fig. 8.43. In preparation for the definition of the 12j-symbol several angular mo-
mentum lines are reversed

To facilitate the analysis of the various steps taken in the derivation, all the
node sign changes are gathered in the corresponding entries.

− +

− −

+− + −

−+ + −
d

b

c

a

e

p

f

g

q

h

r

s

Φlr = (−1)2r+2s Φlr = (−1)2a+2b+2c+2d+2p+2q+2r+2s

Φns = (−1)a+b+p+a+c+r+e+g+r+f+e+p

Fig. 8.44. The node signs of four nodes are changed directly in order to conform
with the definition of the 12j-symbol
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Although the eye tends to view these diagrams as a three-dimensional struc-
ture, it should be emphasized that the diagrams occupy just two dimensions.
One more rotation is needed to conform with the definition of a 12j-symbol.

+

−

−

−

−

−

−

+d

b c

a

e

p

f g

q

h

r

s

Φlr = (−1)2r+2s Φlr = (−1)2a+2b+2c+2d+2p+2q+2r+2s

Φns = (−1)a+b+p+a+c+r+e+g+r+f+e+p

⎧

⎪

⎨

⎪

⎩

− r a c
s − b d
h g − q
f e p −

⎫

⎪

⎬

⎪

⎭

Fig. 8.45. This diagram is the result of an counter-clockwise rotation by 90 degrees

In this figure the diagram is shown together with the algebraic expression
representing the diagram. For the final result it is necessary to analyse the
phase factors. From the two terms Φlr we remove (−1)4r = 1 and (−1)4s = 1
and find with (−1)2a+2b+2p = 1 and (−1)2c+2d+2q = 1 that the phase reduces
to 1. It remains to consider the phase factor Φns. Collecting equal values one
has Φns = (−1)2a+2e+2p+2r+b+c+f+g and in the exponent we replace 2p →
2e+2f and 2r → 2a+2c. Eliminating fourfold values one finds the remaining
phase to be Φ = (−1)b+3c+3f+g and this is equivalent to Φ = (−1)b−c−f+g.

∑

x

(2x + 1)

⎧

⎨

⎩

a b p
c d q
r s x

⎫

⎬

⎭

⎧

⎨

⎩

e f p
g h q
r s x

⎫

⎬

⎭

= (−1)b−c−f+g

⎧

⎪

⎪

⎨

⎪

⎪

⎩

− r a c
s − b d
h g − q
f e p −

⎫

⎪

⎪

⎬

⎪

⎪

⎭

.

As mentioned before, our graphical analysis of a sum of two 9j-symbols has
not led to a separation into 3nj-symbols of lower order but rather to the
definition of a new symbol, namely a 12j-symbol. In fact, the theory of angular
momentum shows [10] that there are two kinds of 12j-symbols and the diagram



98 8 Closed Diagrams

in Fig. 8.45 is one of the two representations for a 12j(II)-symbol of the second

kind. We will encounter the 12j(I)-symbol of the first kind in Sect. 8.3.2.
The above diagram is equivalent to a second form, displayed in Fig. 8.47,

which can be reached easily by transforming the diagram in Fig. 8.45.

+

+!

−

−

+

!

−

−

+d

b c

a

e

p

f g

q

h

r

s

Fig. 8.46. The a-line and the e-line is extended relative to Fig. 8.45
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−!

−

+ !

+

−

−

+d

b c

a

e

p

f g

q

h

rs

⎧

⎪

⎨

⎪

⎩

− r a c
s − b d
h g − q
f e p −

⎫

⎪

⎬

⎪

⎭

Fig. 8.47. The d-line is moved across the a-line and this produces a characteristic
octagon shape
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This is the equivalent graphical representation of the 12j-symbol (second kind)
as defined in [12] and denoted as 12j(II)-symbol.

8.3 Sums with Three 3nj-Symbols

We now examine relations that involve three 3nj-symbols. although we will
not venture beyond this level, Varshalovich et al. [12] consider single and
multiple sums involving up to four 3nj-symbols.

8.3.1 The 9j-Symbol Expressed Through 6j-Symbols

In this sub-section the starting point is not, as before, an algebraic expression
but the diagram of a 9j-symbol. As an example of the application of the three
line separation, derived in Sect. 7.8, we consider the separation of a 9j-symbol
into smaller units.

{

a b c
d e f
k l m

}

+

−

+−

+

−

m

a

b

f

d

l

c

e

k

Φlr = (−1)2b+2d+2m

Fig. 8.48. The diagram shows a distorted but instructive graphical representation
of the 9j-symbol. Three line reversals are indicated together with the resulting phase

In the following step the a- and the m-line are reduced to one line through line
contraction, i.e. introduction of an additional sum over angular momentum x
and its projection ξ.
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+

−

+−

+

−

+ −x

x

m m

a a

b

f

d

l

c

e

k

Φlr = (−1)2b+2d+2m

Fig. 8.49. Two new nodes introduced and connected by a double line for the sum
over x and its projection

The x-, b- and f -lines represent three parallel lines to which we now apply the
three line separation rule from Sect. 7.8.

+

−

+−

+

−

+

−

+

−

x

x

x

m m

a

a

b

b

f

f
d

l

c

e

k

Φlr = (−1)2b+2d+2m

Fig. 8.50. Two new nodes have been introduced to allow a three line separation
in the right-hand part of the diagram

The same procedure is now applied to the three parallel lines l, d and x and
leads to another separation.
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+
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−

+ −

x

x

x

xm

m

a a

b

b

f

f

d

d

l

l

c

e

k

Φlr = (−1)2b+2d+2m

Fig. 8.51. Two new nodes have been introduced in preparation of a three line
separation in the left-hand part of the diagram

As a result of our manipulations, the 9j-symbol has been separated into three
6j-symbols which, however, have not yet assumed their proper form.

+

+

!

+

!

+

a

d

k

x

m

l

+

+!

+ +

!

e

fd

x

l b

+

+

!

+

+ !

c

a

b

f

mx

x

Φlr = (−1)2b+2d+2m Φlr = (−1)2b+2d+2m+2x+2x+2x

Fig. 8.52. In these diagrams nodes have been moved across the d-line (left), the
b-line (middle) and across the m-line (right). Through this manipulation two nodes
in each 6j-symbol change from − to +

Because (−1)4b+4d+4m+4x+2x = (−1)2x the remaining phase factor is very
simple and all 6j-symbols appear in their basic form.
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∑

x

(2x + 1)

{

l m k
a d x

}

×
{

f d e
l b x

}

×
{

a b c
f m x

}

+

+ +

+

a

d

k

x

m

l

+

+

+ +

e

fd

x

l b

+

++

+

c

a

b

f

mx

x

Φlr = (−1)2x

Fig. 8.53. The double lines indicate the sum over x and every 6j-symbol contains
this summation variable

The 6j-symbols have the correct form, where three angular momentum lines
go out from the central node and all the nodes at the corners of the triangle
are connected by lines in counter-clockwise direction. All nodes have a positive
node sign.

The final graphical result can now be converted into an algebraic expres-
sion for the 9j-symbol represented by a sum over three 6j-symbols.

⎧

⎨

⎩

a b c
d e f
k l m

⎫

⎬

⎭

=

=
∑

x

(−1)2x(2x + 1)

{

l m k
a d x

} {

f d e
l b x

} {

a b c
f m x

}

=
∑

x

(−1)2x(2x + 1)

{

a d k
l m x

} {

b e l
d x f

} {

c f m
x a b

}

.

In the second equality the elements of the 6j-symbols have been rearranged
to conform with the result (3.1) in [9], and, also (19) on p. 466 in [12].

This example has the virtue of a repeat performance of the prescription
how to proceed with a sum over an angular momentum which is present in
several diagrams, e.g. in Fig. 8.53. If the double-lined arrow has different lines
at both nodes it is necessary to seek out and join corresponding nodes until
there is only one double-lined arrow left, with necessarily identical lines at
both ends. At that point the sum can be performed and we have essentially
retraced our steps and returned to Fig. 8.48
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8.3.2 Sum with One 9j- and Two 6j-Symbols

∑

x

(2x + 1)

⎧

⎨

⎩

e f x
a b p
c d q

⎫

⎬

⎭

{

f e x
l k h

} {

p q x
k l g

}

= ?

The algebraic quantities are first translated and arranged in such a way as to
facilitate the joining of the diagrams.

x

+

+ +

+

l

k

h

e

xf

+

+ +

+

g

k

l

p

qx

−

+ −

+

−+

x

p

q

f

b

d

e

a

c

Φlr = (−1)2e+2f+2x+2l+2l = 1

Fig. 8.54. The sum over x combines two 6j- and one 9j-symbol. Note that the
phase resulting from line reversals amounts to 1 because e, f and x belong to the
same node. The two reversals of l-lines adds the phase (−1)4l = 1

The central node of the left 6j-symbol has a counterpart in the 9j-symbol, the
node with the angular momenta e, f and x. By analogy, the right 6j-symbol
has a central node with p, q and x that will join the corresponding node from
the 9j-symbol.
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x

−
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+ − !
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−
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e
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+
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k

l

p

q
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+ −

+

−+

x

p

q

f

b

d

e

a

c

Φns = (−1)e+f+x

Fig. 8.55. The central nodes of the two 6j-symbols have moved across the l-line.
One change of node sign is required to fulfil the conditions for joining the diagrams

In both 6j-symbols the central node is moved outside the triangle. We note
that, the angular momentum lines have already directions suitable for joining
but one node sign requires a direct change of node sign.

x−

+ −

l

k

h

−

−

+

+

g

k

l

− +

−+

x

p

qf

b

d

e

a

c

Φns = (−1)e+f+x

Φns = (−1)k+l+x

Fig. 8.56. The diagrams have been joined at two nodes with different node signs.
The x-line appears only once in the diagram and a further change of node sign is
required for the application of the summation procedure
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A further change of node sign for one of the nodes connected by the x-line
achieves the appropriate conditions for the sum over x.

−

+

h

−

+

g

k

l

− +

−+

p
qf

b

d

e

a

c

Φ = (−1)e+f+k+l+2k+2l

Fig. 8.57. The k- and the l-line have been reconnected by the summation over x.
In the phase (−1)2x is replaced by (−1)2k+2l

Performing the sum over x has created a diagram with eight nodes which can
be brought into an octagon shape familiar from Fig. 8.47.

−+

+−

−

+

−+ + −

− ++−

h g

k

l

p
q

f

b

d

e

a

c

Φlr = (−1)2a+2c+2e+2f+2g+2pΦ = (−1)e+f+k+l+2k+2l

Φns = (−1)k+f+h+h+l+e+e+a+c+c+q+d+d+f+b+b+a+p

Fig. 8.58. Several line directions and node signs are changed to approach the defi-
nition of a 3nj-symbol

As first step in the simplification of the phase we remove all angular mo-
menta that appear four times in the exponent. The remaining parts provide
Φ = (−1)e+f+p+q and Φ = (−1)2b+2d+2g+2h+2p. In the latter phase we set
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(−1)2g ⇒ (−1)2k+2p and combine (−1)2b+2d = (−1)2f with (−1)2h+2k =
(−1)2f . With these manipulations we have (−1)e+f+3p+3q which is equivalent
to (−1)e+f−p−q.

The changes in line direction and node signs have created the graphical
form of a new 12j-symbol.

+

−

−

+

+ −

+−

h g

k

l

p

q f

b

d

e

a

c

Φ = (−1)e+f−p−q (−1)e+f−p−q

{

e h f b
l k d a

p g q c

}

Fig. 8.59. The diagram represents the definition of a 12j-symbol of the first kind

The diagram in this figure defines a 12j-symbol of the first kind [12] which
will be called 12j(I)-symbol in contrast to the symbol defined in Figs. 8.45
and 8.47 which is referred to as 12j(II). Figure 8.59 shows also the algebraic
notation for the 12j(I)-symbol. The phase factor (−1)e+f−p−q is not part of
the definition of the 12j(I)-symbol, of course, but it is a part of the algebraic
expression considered here.

∑

x

(2x + 1)

⎧

⎨

⎩

e f x
a b p
c d q

⎫

⎬

⎭

{

f e x
l k h

} {

p q x
k l g

}

=

= (−1)e+f−p−q

⎧

⎨

⎩

e h f b
l k d a

p g q c

⎫

⎬

⎭

.
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This result can be made to agree with the formula given in [12] if the symmetry
properties of the 12j(I)-symbol given there are observed.

In the previous case of a 12j(II) we have seen that there are two equivalent
graphical representations and the same is true for the 12j(I)-symbol here. The
necessary transformations will be performed in the following figures.
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e
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c

=⇒

Fig. 8.60. In the first step the a-line is decreased in length and moved below the
d-line which is extended. No node sign is changed by this deformation

Figure 8.60 displays a second step in which the h-line is moved across the
q-line and two nodes change sign.
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e

a

c

=⇒

Fig. 8.61. In the next step the node with the lines a, b and p is moved across the
d- and the f -line

In the lower part of the figure the h-line is brought down to the bottom and
two nodes change sign in the process. The last step has created a diagram
that is very close to the desired form.
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pq

f

b

d

e

a

c

{

e h f b
l k d a

p g q c

}

Fig. 8.62. In the final transformation, the whole diagram is turned about a hori-
zontal axis

The diagram in Fig. 8.62 is a mirror image of the preceding one and it is obvious
that the cyclic order of all nodes must change through this transformation.
The graphical form for the 12j(I)-symbol agrees perfectly with the definition
used in [12].

8.3.3 Alternating Sum with One 9j- and Two 6j-Symbols

In analogy to previous expressions, here we consider a product of two 6j-
symbols and a 9j-symbol summed over x but with alternating signs.

∑

x

(2x + 1)(−1)x

⎧

⎨

⎩

e f x
a b p
c d q

⎫

⎬

⎭

{

f e x
l k h

} {

p q x
l k g

}

=

=
∑

x

(2x + 1)(−1)x

{

h l e
x f k

}

⎧

⎨

⎩

e f x
a b p
c d q

⎫

⎬

⎭

{

k p g
q l x

}

= ?

In the second line of the formula the 6j-symbols have been rearranged for
easier comparison with the following figure. We recall that, the bottom row of
each 6j-symbol defines the boundary and and the x-lines are now no longer
inside.
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+

−

+

−

+

−
+

+

+

+ +

+

+

+

e

f

x

a

b

pc

d

q

x

f

k

l

e

h

q

l

x

p

g

k

Φ = (−1)x x

Fig. 8.63. Note that the angular momentum x is present in all three diagrams and
in this form the summation cannot be carried out in graphical form

Several preparatory line reversals and two node sign changes are performed
in the next figure, and concomitant phases taken into account.

−! −

++!

+

−

−

− +

−

− −
!

+ −
!

+

+
e

f

x

a

b

pc

d

q

x

f

k

l

e

h

q

lx

p g
k

Φlr = (−1)2k+2l+2f+2x+2p

Φns = (−1)e+f+x+x+q+p

Φ = (−1)x

x

Fig. 8.64. Because the left 6j-symbol is flipped around the direction of e all its
nodes have changed sign. In the right 6j-symbol the central node has been moved
across the q-line. In the bottom diagram both nodes connected by the c-line have
been moved across the f -line
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After line reversals have taken effect it will be possible to join all three dia-
grams.

−
−

++

+

−

−

+−

−
+

−

+

+

e

f

x

a

b

p
c

d

q

x

f

k

l

eh
q

l
x

p
gk

Φlr = (−1)2k+2l+2f+2x+2p

Φns = (−1)e+f+x+x+q+p

Φ = (−1)x

x

Fig. 8.65. The adjacent nodes with different signs indicate the way to join the
diagrams. As required, lines entering and leaving the nodes have commen angular
momenta and have the same directions

By joining the three diagrams we are left with only one (double) x-line which
connects to k- and l-lines at both ends.

++

+

−

−+

−

− −

− !

− !a

b

p

c

d

q

x

f

k

l

e

h

l

g

k

Φlr = (−1)2k+2l+2f+2x+2p

Φns = (−1)e+f+x+x+q+p(−1)k+l+x

Φ = (−1)x

x

Fig. 8.66. For the sum over x the top left node needs a sign change, which intro-
duces an additional phase. Note the node sign changes at the right of the diagram

The sum removes the x-line and the circular diagram. However, there are
several occurrences of x in the phase factor. If the sum is possible, the phase
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may no longer depend on x. Inspection of the phase shows that a single x
appears four times and (−1)4x = 1. The remaining dependence on x vanishes
since (−1)2k+2l+2x = 1.

++

+

−

−

− −

−

a

b

p

c

d

q

f

e

h

l

g

k

Φlr = (−1)2f+2p Φns = (−1)e+f+q+p(−1)k+l

Fig. 8.67. Note the simplified phase

The resulting diagram will be subjected to several further transformations.

++

−
!

−

−

− −

−

a

b

p

c

d

q

f

e

h

l

g

k

Φlr = (−1)2f+2p Φns = (−1)e+f+q+p(−1)k+l

Fig. 8.68. The c-line is moved through the q-line and the common node changes
sign because the cyclic arrangement has changed
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In the next step, the l- and the c-line are moved up and below the square,
respectively.

− !−!

− −

+!

− −

+ !

a

b

p

c

d

q

f

e

h

l

g

k

Φlr = (−1)2f+2p Φns = (−1)e+f+q+p(−1)k+l

Fig. 8.69. The transformation leads to node sign changes on the left and the right
of the diagram

The transformations have produced a diagram that is closely related to the
diagram in Fig. 8.59. Several directions and node signs are, however, different
from the definition of a 12j(I)-symbol.

−−

− −

+

− −

+

a

b

p

c

d

q

f

e

h

l

g

k

Φlr = (−1)2f+2p Φns = (−1)e+f+q+p(−1)k+l

Fig. 8.70. The c-line is extended and moved upward without node sign change in
the bottom nodes

We try further transformations to reach a diagram related to the second form
of the 12j(I)-symbol as given in Fig. 8.62.
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−+

!

− −

+

−

+ !

+

a

b

p
c

d

q

f

e

h

l
g

k

Φlr = (−1)2f+2p Φns = (−1)e+f+q+p(−1)k+l

Fig. 8.71. The main change is the movement of the h-line across the q-line with
node sign changes at the nodes connected to the l- and f -line

In the next step we move the node connected to the e, h and l-line.

−+

−

−

−! −

+ +

ab

p

cd

q

f e

h

l

g

k

Φlr = (−1)2f+2p Φns = (−1)e+f+q+p(−1)k+l

Fig. 8.72. Note that the node sign at the extreme right node does not change
because the cyclic arrangement is not altered

The last transformation brings the diagram into a form that closely resembles
a 12j(I)-symbol and the necessary changes en route to the definitive repre-
sentation are implemented in Figs. 8.73 and 8.74.
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−

+

−

+

− −

+ +

a

!

b

p

c

d

q

f e

h

l

g

k

Φlr = (−1)2f+2p Φns = (−1)e+f+q+p(−1)k+l

Fig. 8.73. For the new diagram only one node sign has changed

It is not difficult to show that (−1)2f+2p is equivalent to (−1)2g+2h.
In order to recover the proper form of the 12j(I)-symbol we return to

Fig. 8.73 and implement the necessary line reversals and node sign changes.

− +

+

−+

+

−+ − +

+ +

a

b

p

c

d

q

f e

h

l

g

k

Φlr = (−1)2f+2p

Φns = (−1)e+f+q+p(−1)k+l

Φlr = (−1)2a+2b+2f+2h+2k+2l

Φns = (−1)c+d+q+f+h+k Φns = (−1)a+b+p+e+l+h

Fig. 8.74. Taking Fig. 8.62 as reference for a 12j(I)-symbol the line reversals and
node sign changes are indicated
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The accumulated phase factor may be simplified and we first collect all the
terms

Φ = (−1)2f+2p(−1)e+f+q+p+k+l

×(−1)2a+2b+2f+2h+2k+2l(−1)c+d+q+f+h+k+a+b+p+e+l+h

= (−1)2f+2p(−1)2e+2f+2q+2p+2k+2l

×(−1)2a+2b+2f+2h+2k+2l(−1)2h(−1)c+d+a+b

= (−1)2a+2b+2e+2f+2q(−1)a+b+c+d .

In passing to the second equality we have paired all matching single an-
gular momenta and in the last equality all angular momenta appearing
four times have been removed. If we use (−1)2e = (−1)2a+2c and also
(−1)2f = (−1)2b+2d, both 4a and 4b in the exponent can be dropped and
we are left with (−1)2c+2d+2q = 1 and the phase Φ = (−1)a+b+c+d.

+

+

+

+

+ +

+ +

a

b

p

c

d

q

f e

h

l

g

k

Φ = (−1)a+b+c+d

(−1)a+b+c+d

{

q g p a
l k b c

e h f d

}

Fig. 8.75. The diagram has assumed the correct form of a 12j(I)-symbol. The
phase Φ is not part of the definition of the 12j(I)-symbol

In a way it is, at first sight, quite surprising to find for the alternating sum
also a result in form of a 12j(I)-symbol similar to that for the sum in the
preceding section. In addition to the (−1)x in the sum the positions of k and
l are exchanged in one of the two 6j-symbols compared to Sect. 8.3.2; thus we
are analysing sums of different terms. The result for the sum is
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∑

x

(2x + 1)(−1)x

⎧

⎨

⎩

e f x
a b p
c d q

⎫

⎬

⎭

{

f e x
l k h

} {

p q x
l k g

}

=

= (−1)a+b+c+d

⎧

⎨

⎩

q g p a
l k b c

e h f d

⎫

⎬

⎭

= (−1)a+b+c+d

⎧

⎨

⎩

e h f d
l k b c

q g p a

⎫

⎬

⎭

.

We note that the graphical method has not led us to an expression in simpler
terms but has rather shown the sum to be equivalent to the definition of a
12j(I)-symbol. To reach the final equality above, one of the symmetry relations
given in [12] for the 12j(I)-symbol is used.

It is worth noting that, the derived result is not listed in the tables of
Varshalovich et al. [12] and this demonstrates the power of the graphical
method to go beyond known relations. On close inspection, however, we find
that our result may be transformed into the formula given in Sect. 8.3.2. This
requires two steps. Firstly we rename, and effectively exchange, some variables,
namely a ↔ c, b ↔ d and p ↔ q, and this has no effect on the equality.
Secondly, we call upon a symmetry property of the 9j-symbol,

⎧

⎨

⎩

e f x
c d q
a b p

⎫

⎬

⎭

= (−1)a+b+c+d+e+f+p+q+x

⎧

⎨

⎩

e f x
a b p
c d q

⎫

⎬

⎭

,

and undo the effect of renaming the variables in the 9j-symbol. Note that the
last 6j-symbol and the 12j-symbol retain the renamed variables.

∑

x

(2x + 1)(−1)x(−1)a+b+c+d+e+f+p+q+x

×

⎧

⎨

⎩

e f x
a b p
c d q

⎫

⎬

⎭

{

f e x
l k h

} {

q p x
l k g

}

= (−1)a+b+c+d

⎧

⎨

⎩

e h f b
l k d a

p g q c

⎫

⎬

⎭

.

With (−1)2x = (−1)−2x = (−1)−2e−2f and a partial cancellation of phase
factors on both sides of the equality we transfer the remaining phase factor
(−1)−e−f+p+q = (−1)e+f−p−q to the right-hand side. Because the 6j-symbol
is symmetric under exchange of columns we regain the same relation as given
on p. 106 in Sect. 8.3.2, thereby strengthening our confidence in the graphical
methods applied in both sections.
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Open Diagrams

Simple examples of open diagrams with external lines have been encountered
in our discussion of orthogonality relations for 3jm-symbols. One might say
that, open diagrams are more general than closed diagrams of the preceding
section. Furthermore, open diagrams will be nearer to the calculation of matrix
elements of spherical tensor operators, which contain a 3jm-symbol according
to the Wigner–Eckart Theorem, and a reduced matrix element with one or
more 3nj-symbols. In the end, a realistic calculation can involve products
of open and closed diagrams and in Chap. 10 an example is analysed. From
Chap. 7, on general rules, we recall that separations are possible if all the
external lines stay with one of the separated parts.

As before, we will seek a close correspondence with the formulae found in
Varshalovich et al. [12]. An exception is the new formula derived in in Sect. 9.6
which deals with a product of two 3jm-symbols, while all other sections ana-
lyse sums over products.

The term ‘recoupling’ is used frequently to describe the fact that angular
momenta present in initial 3jm-symbols appear recombined differently in the
final expression.

9.1 Sum with Two 3jm-Symbols

Let us consider the following sum with two 3jm-symbols

∑

κ

(−1)q−κ

(

a b q
α β −κ

)(

q d c
κ δ γ

)

= ?

This expression has no result in the sense of a reduction to simpler terms.
It can, however, be transformed into an equivalent, albeit more complicated,
expression and this will be achieved with the graphical method.

The end result is insight to angular momentum coupling schemes repre-
sented by the 6j-symbol. In this sense, the sum is recoupled to a sum over
angular momentum and projection, x and ξ.

E. Balcar, S.W. Lovesey, Introduction to the Graphical Theory of Angular

Momentum, STMP 234, 119–157, DOI 10.1007/978-3-642-03118-2 9,
c© Springer-Verlag Berlin Heidelberg 2009
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+

a, α

b, β

+

c, γ

d, δ

q

Fig. 9.1. A product of two 3jm-symbols and the line joining the two nodes repre-
sents the sum over the projection κ of angular momentum q

The diagram has four external lines and it is not obvious which further trans-
formations are possible. In the rearranged diagram below we see that the
introduction of a new variable x and a corresponding sum may be used to
reduce the number of lines.

+

a, α

b, β

+

c, γ

d, δ

q

⇒

−

+

x
(−1)2xx

+

a

a, α

b, β

+

c

c, γ

d, δ

q

Fig. 9.2. The diagram has been rearranged and on the right-hand side the sum
over x is introduced

In preparation for a three-line separation the direction of the angular momen-
tum line x is reversed and the resulting phase factor is Φlr = (−1)2x. Because
the origin of the phase is obvious by now, only the factor (−1)2x is given in
the figure and Φlr = is left out.
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−

+

x

(−1)2x

x

+

a

a, α

b, β

+

c

c, γ

d, δ

q

⇒

−

+

−
+

x

x

Φlr = (−1)2xx

+

a

a, α

b

b, β

+

c

c, γ

d

d, δ

q

Φlr = (−1)2a+2b Φlr = (−1)2c+2q

Fig. 9.3. The diagram has been extended to create room for the separation of three
lines which is shown on the right-hand side of the figure

Line reversals in the diagram on the right-hand side are necessary to reco-
ver the definition of a 6j-symbol. The total phase factor simplifies because
(−1)2a+2c+2x = 1 and, furthermore, with (−1)2b+2q = (−1)2a the remaining
phase is just (−1)2a.

− −
+

+

x

x

x

+

a, α b, β

c, γ d, δ

a

b

+

c

d

q

Φlr = (−1)2a

Fig. 9.4. The diagram contains a sum over a product of two 3jm-symbols and a
6j-symbol together with the usual factor (2x + 1)
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The manipulations have led to an equivalent formula for the original expression
where the angular momentum lines have been reordered such that a is now
joined in a node with c and, similarly, b with d.

∑

κ

(−1)q−κ

(

a b q
α β −κ

)(

q d c
κ δ γ

)

= (−1)2a
∑

x,ξ

(2x + 1)(−1)x−ξ

(

a c x
α γ −ξ

) (

x d b
ξ δ β

){

a c x
d b q

}

.

The relation of this formula with the recoupling of three angular momenta
will become more transparent if we rename a → j3, b → j2, d → j1, q → j23,
x → j12 and c → J and, correspondingly, for the projections.

∑

m23

(−1)j23−m23

(

j3 j2 j23
m3 m2 −m23

)(

j23 j1 J
m23 m1 M

)

= (−1)2j3
∑

j12,m12

(2j12 + 1)(−1)j12−m12

(

j3 J j12
m3 M −m12

)(

j12 j1 j2
m12 m1 m2

)

×
{

j3 J j12
j1 j2 j23

}

.

To see the relation with recoupling of three angular momenta in more detail,
it is necessary to convert the 3jm-symbols into Clebsch-Gordan coefficients
needed for the construction of states,

|(j1J2)j12j3, JM〉 and |j1(j2J3)j23, JM〉 ,

coupled from product states |j1m1, j2m2, j3m3〉. The relation between the two
couplings is given by Judd [7] as,

|j1(j2J3)j23, JM〉

=
∑

j12

[(2j12 + 1)(2j23 + 1)]1/2(−1)j1+j2+j3+J

{

j3 J j12
j1 j2 j23

}

×|(j1J2)j12j3, JM〉 ,

also briefly indicated in Sect. 2.2.

9.2 Sum with Three 3jm-Symbols

The result found for a sum of two 3jm-symbols can be used to analyse the
case of a sum over three 3jm-symbols.

∑

κ,δ,β

(−1)q−κ

(

a b q
α β −κ

)(

q d c
κ δ γ

)

(−1)d−δ+b−β

(

d b f
−δ −β ϕ

)

= ?

The diagram that corresponds to this algebraic expression will have three
external and three internal lines.
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+

a, α

+

c, γ

q

+

f, ϕ

b d

⇒

+

a, α

+

c, γ

q

+

f, ϕ

bd

Fig. 9.5. A product of three 3jm-symbols and the lines joining the three nodes
represent the sums over the projections κ, δ and β

The three external lines allow a three-line separation but instead of following
the usual procedure, we turn to the result given in Fig. 9.4, where we introduce
the additional 3jm-symbol and the sums over β and δ:

− − +x

a, α

c, γ

f, φ

d

b

+

+

x

x

+

a

b

+

c

d

q

Φlr = (−1)2a

Φlr = (−1)2x

Fig. 9.6. The diagram, derived from Fig. 9.4, contains sums over a product of three
3jm-symbols and a 6j-symbol together with the usual factor (2x + 1)
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The reversal of the x-line has introduced the phase (−1)2x. This diagram is
slightly more complicated than Fig. 4.9 but it can be treated in an analogous
way and the result will be similar to the diagram given in Fig. 4.14.

−−

+

x

a, α

c, γ

f, φ

db

+

+

x

x

+

a

b

+

c

d

q

Φlr = (−1)2a

Φlr = (−1)2x

Fig. 9.7. The diagram has been rearranged to indicate the possibility of a two-
line separation. The direction of the x-line is reversed to achieve the required line
directions

The left-hand part of the diagram has been rearranged to facilitate the appli-
cation of the two-line separation rule described in Sect. 7.5.

−

−

+

a, α

c, γ

x, ξ

db f

+

+

x

+

+ +

+

x

f

x

f

x

+

a

b

+

c

d

q

Φlr = (−1)2a

Φlr = (−1)2x+2f

Fig. 9.8. The two-line separation of the left-hand diagram leads to a 3j-symbol
and a 3jm-symbol. The quadrangular diagram contains δx,f and the sum over x, ξ

The phase factor from the reversal of the f -line cancels (−1)2x because x
is replaced by f . The factors from the quadrangular diagram and the circle
cancel with x = f .
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−

−

+

a, α c, γ

f, φ

db f

+

+

f

+

a

b

+

c

d

q

Φlr = (−1)2a

Fig. 9.9. The Kronecker δx,fδξ,ϕ make the sum over x, ξ straightforward and x, ξ
is replaced by f, ϕ

The translation of the diagram into an algebraic expression produces the fol-
lowing result for the sum over three 3jm-symbols.

∑

κ,δ,β

(−1)q−κ

(

a b q
α β −κ

)(

q d c
κ δ γ

)

(−1)d−δ+b−β

(

d b f
−δ −β ϕ

)

= (−1)2a

(

a c f
α γ ϕ

) {

a c f
d b q

}

.

The 3j-symbol is not required here because the triangle condition △{b, d, f}
is also embodied in the 6j-symbol.

In this form the equation is not easily comparable with the equivalent
formula given in [12]. In order to facilitate comparison we need to change the
expression and concentrate first on the left-hand side. For each 3jm-symbol
we perform an odd permutation and change the summation index δ → −δ

∑

κ,δ,β

(−1)q−κ(−1)d+δ+b−β

(

b a q
β α −κ

)(

q c d
κ γ −δ

) (

d f b
δ ϕ −β

)

× (−1)a+b+2q+c+2d+f+b .

The change of sign for the summation index δ introduces a phase factor be-
cause (−1)d+δ = (−1)2d(−1)−d+δ and this is equivalent to (−1)2d(−1)d−δ.

In the total phase on the left-hand side (−1)2d(−1)a+c+f (−1)2b+2d+2q we
have (−1)4d = 1 and with (−1)2b+2q ⇒ (−1)2a there is a phase (−1)2a on
both sides of the equation and may be cancelled. The remaining phase factor
(−1)a+c+f can be brought to the right-hand side and used to change the sign
of the projections in the 3jm-symbol.



126 9 Open Diagrams

∑

κ,δ,β

(−1)q−κ(−1)d−δ+b−β

(

b a q
β α −κ

)(

q c d
κ γ −δ

)(

d f b
δ ϕ −β

)

=

(

a c f
−α −γ −ϕ

){

a c f
d b q

}

.

Except for differing variable names this equation corresponds to the formula
given by Varshalovich et al. in [12].

9.3 Sum with Four 3jm-Symbols I

In this section we consider a fivefold sum over a product of four 3jm-symbols
and transform it under the rules of the graphical theory. The initial expression
is

∑

κ,ρ,σ,ψ,τ

(−1)q−κ+r−ρ+s−σ+p−ψ+t−τ

(

p a q
ψ −α κ

) (

q r t
−κ ρ τ

)

×
(

r b s
−ρ β σ

)(

s p t
−σ −ψ −τ

)

= ?

To facilitate the transcription into graphical symbols the phases are now as-
sociated with each corresponding 3jm-symbol.

(−1)a−α
∑

κ,ρ,σ,
ψ,τ

(−1)a−α

(

p a q
ψ −α κ

)

(−1)q−κ

(

q r t
−κ ρ τ

)

× (−1)r−ρ

(

r b s
−ρ β σ

)

(−1)s−σ+p−ψ+t−τ

(

s p t
−σ −ψ −τ

)

= ?

Note that the phase (−1)a−α has been introduced twice into the sum in order
to provide the first 3jm-symbol with the required phase factor.

−

q, κ

p, ψ

a, α

−

q, κ t, τ r, ρ

−

p, ψ t, τ s, σ

−

s, σ

r, ρ

b, β

Φ = (−1)a−α

Fig. 9.10. The four symbols are arranged as to indicate the future node connections
for the sums over projections
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The five sums over angular momentum projections allow us to connect the
appropriate nodes.

−

−−

−

a, α

b, β

qp

t

rs

Fig. 9.11. After a rotation two external lines pointing to the right remain when
the five summations are taken into account. It is now possible to perform a two-line
separation as in Sect. 7.5 or for external lines in Sect. 4.3

This figure is found to be an analogue of Fig. 4.10, thus leading to a corre-
sponding result.

−

−−

−

a, α

b, β

qp

t

rs

a

+

+ +

+

a

b

a

b

Φ = (−1)a−α

Fig. 9.12. A two-line separation has been carried out as in 4.10 and following figures

The diagram has been separated into a free line, a factor as described in Fig. 3.4
and a diagram with four nodes which can be converted into a 6j-symbol.
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+

−

−

+! !

a, α b, β

q

p

t
r

s

a

+

+ +

+

a

b

a

b

+

+

+

+

!

!

a, α b, β

q

p

t

r

sa

+

+ +

+

a

b

a

b

⇒

Φlr = (−1)2q+2r+2t = 1

Φ = (−1)a−α

Fig. 9.13. In the left part the a-line has been moved into the centre of the diagram
thereby changing the sign of two nodes. Passing to the right-hand side we move the
node connected to a, r and s into the triangle and again two nodes change from −
to +

Line reversals in Fig. 9.13 lead to the correct graphical form of a 6j-symbol.
Because the reversed lines are connected to one common node the resulting
phase factor is 1. The right-hand side of Fig. 9.13 is now translated into alge-
braic form and we remember that the phase Φ = (−1)a−α was present from
the outset.

(−1)a−α δa,bδα,β

(2a + 1)

{

s r a
q p t

}

= (−1)a−α δa,bδα,β

(2a + 1)

{

q p a
s r t

}

.

Here the two Kronecker-δ result from the free line, the factor 1/(2a + 1) is
the value of the quadrangular diagram and the 6j-symbol has the appropriate
graphical form. The value found for the sum over four 3jm-symbols is

∑

κ,ρ,σ,ψ,τ

(−1)q−κ+r−ρ+s−σ+p−ψ+t−τ

(

p a q
ψ −α κ

) (

q r t
−κ ρ τ

)

×
(

r b s
−ρ β σ

)(

s p t
−σ −ψ −τ

)

= (−1)a−α δa,bδα,β

(2a + 1)

{

q p a
s r t

}

.

This result is not altogether surprising because we have seen in Sect. 5.1 that
the 6j-symbol is defined from a sum over four 3jm-symbols.
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9.4 Sum with Four 3jm-Symbols II

We analyse a fourfold sum over a product of four 3jm-symbols and use gra-
phical theory to consider possible transformations. Unlike the previous pro-
duct of four 3jm-symbols which was summed over 5 projections, the new sum
covers just 4 projections and the starting diagram is rather different. Thus,
we also look forward to a different result. The initial expression is

∑

κ,ρ,σ,ψ

(−1)q−κ

(

p a q
ψ α −κ

)

(−1)r−ρ

(

q b r
κ β −ρ

)

×

× (−1)s−σ

(

r c s
ρ γ −σ

)

(−1)p−ψ

(

s d p
σ δ −ψ

)

= ?

All 3jm-symbols are already in the form that is immediately transcribable into
diagrams. In contrast to the previous section with a sum over five projections
the present formula contains only a sum over four projections and, therefore,
a larger number of external lines.

It is at this point not obvious, but we will find more than one way to re-
express this formula. The following figure shows a diagram with four external
lines and the graphical treatment of these external lines aims at a reduction
of the number of lines such that a three line separation becomes possible. The
required step is the introduction of an extra variable x and its projection ξ
together with the corresponding sum.

− q, κ

b, β

r, ρ

− s, σ

c, γ

r, ρ

−

p, ψ

d, δ

s, σ

−

p, ψ

q, κ

a, α

−

− −

−

b, β

c, γ d, δ

a, α

r

s

p

q

⇒

Fig. 9.14. The four symbols are arranged as to indicate the future node connections
for the sums over projections. In the right-hand part of the figure the four sums over
κ, ρ, σ and ψ are expressed by internal lines connecting the four nodes
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−

−

−

−

+

−

r

s

p

q

b

c

x

b, β c, γ

d, δ

a, α

x

−

−

−

−

+

−

+

−

r

s

p

q

b

c

x

x

d

a

b, β c, γ

d, δ a, α

x

Φlr = (−1)2x Φlr = (−1)2x

⇒

Fig. 9.15. The left part of this figure demonstrates the reduction of the number of
lines by introducing the extra sum over x and ξ including the factor (2x + 1). The
reversal of direction for the x-line leads to the phase (−1)2x

The x, d and a-lines have the same direction in the right-hand side diagram
and allow a three line separation into a part with all the external lines and a
second part without external lines.
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+ +

−

−

− −

−

− −

b, β c, γ d, δ a, α

x

r

s

p

q

b

c

x

d

a

x

Φlr = (−1)2x+2x+2s Φns = (−1)x+a+d

+ −

−

− −

−

− −

− +

b, β c, γ d, δ a, α

x

x x

s s

q qr p

b

c d

a

x

Φlr = (−1)2x+2x+2s

Φns = (−1)x+a+d

⇒

Fig. 9.16. The left part of this figure shows the result of the separation. The diagram
without external lines is further separable. The diagrams are modified to influence
the form of the final result

In the transition to the following figure the c- and the d-line have been turned
inside out such that the corner node and the central node change place. Note
that these transformations change all node signs.

+ +

+

+

−

+

+

+

+

r

q

c

xb

s

x

s

q

p
d

a

Φlr = (−1)2b+2c+2s Φlr = (−1)2a+2d+2x+2sΦns = (−1)x+q+s

Fig. 9.17. This figure deals only with the transformations required for the two
6j-symbols found in the right-hand side of Fig. 9.16. Several line reversals and one
node sign change are performed to obtain the diagrams appropriate for the two
6j-symbols
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Line reversals and node sign changes have produced several phase factors and
it is important to reduce the phases from Figs. 9.16 and 9.17 as far as possible.

Φ = (−1)2x+2x+2s+x+a+d(−1)2b+2c+2s(−1)2a+2d+2x+2s+x+q+s .

Every fourfold appearance of an angular momentum can be removed, for in-
stance (−1)4x = 1 and (−1)4s = 1, to give

Φ = (−1)2s+a+d(−1)2b+2c(−1)2a+2d+q+s .

Further progress is achieved with the replacement (−1)2b+2c = (−1)2x and
then (−1)2s+2x = (−1)2q and the final phase is

Φ = (−1)3a+3d+3q+s = (−1)s−a−d−q ,

and the complete transformed diagram is seen below.

+ −

b, β c, γ d, δ a, α

x

+ +

+

+

+ +

+

+

r

q

c

xb

s

x

s

q

p
d

a

x

Φ = (−1)s−a−d−q

Fig. 9.18. The results from Fig. 9.16 and 9.17 are collected here and the two 6j-
symbols have now the required form

These diagrams are translated into their analytic form and the resulting
formula, which can be exploited for recoupling, is

∑

κ,ρ,σ,ψ

(−1)q−κ

(

p a q
ψ α −κ

)

(−1)r−ρ

(

q b r
κ β −ρ

)

×(−1)s−σ

(

r c s
ρ γ −σ

)

(−1)p−ψ

(

s d p
σ δ −ψ

)

= (−1)s−a−d−q
∑

x,ξ

(2x + 1)(−1)x−ξ

(

a x d
α −ξ δ

) (

b x c
β ξ γ

)

×
{

a x d
s p q

} {

b x c
s r q

}

.
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A Variation of this Formula

Instead of leading to a product of two 6j-symbols, a variation in the graphical
procedure can produce a 9j-symbol. To this end, the diagram on the right-
hand side of Fig. 9.14 is slightly modified by a rotation of the s-line such that
the two nodes connected by this line change place.

−

− −

−

b, β

c, γ d, δ

a, α

r

s

p

q

−

+! + !

−

b, β

c, γd, δ

a, α

r

s

p

q

=⇒

Fig. 9.19. Note that the two nodes connected by the s-line suffer a change of sign
because in passing from top to bottom diagram the cyclic orientation of the lines
changes at both nodes

A sum over x, ξ is introduced here and a three line separation is performed.
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−

++

−

+

−

r

s

p

q

b

d

x

b, β

c, γ

d, δ

a, α

x

Φlr = (−1)2x

−

++

−

+

−

−
+

r

s

p

q

b

d

x

x

c

a

b, β

c, γ

d, δ

a, α

x

Φlr = (−1)2x

=⇒

Fig. 9.20. This figure is a modified form of Fig. 9.15 and equivalent transformations
are performed here

Compared to Fig. 9.15, different signs are chosen for the new nodes.



9.4 Sum with Four 3jm-Symbols II 135

+ −

−

++

−

− +

b, β c, γd, δ a, α

x

r

s

p

q

b

d

x

c

a

x

Φlr = (−1)2x+2x+2b+2d+2q+2s

+ −

−

++−

− +

+! − !

b, β c, γd, δ a, α

x

x

s

q

r

p
b

d c

a

x

Φlr = (−1)2x+2x+2b+2d+2q+2s

Φns = (−1)s+d+p+p+a+q

⇒

Fig. 9.21. The left part of this figure shows the result of the separation. The
diagram without external lines is no longer separable and can be transformed into
a 9j-symbol. Note the node sign changes effected by moving the s-line above the
x-line

Two sign changes at the left top and bottom right nodes enter the additional
phase (−1)s+d+p+p+a+q and with these alterations the 9j-symbol achieves the
appropriate form.

+ −

−

+

−

+

+

−

b, β c, γd, δ a, α

x

x

s

q

r

p

b

d

c

a

x

Φlr = (−1)2x+2x+2b+2d+2q+2s

Φns = (−1)s+d+p+p+a+q

Fig. 9.22. Note that the diagram for the 9j-symbol has been rotated
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As last step we consider the phase and proceed with the usual simplifications.

Φ = (−1)2x+2x+2b+2d+2q+2s(−1)s+d+p+p+a+q

= (−1)2b+2d+2p+2q+2s(−1)a+d+q+s .

To simplify further set (−1)2p → (−1)2a+2q and use (−1)2b+2q = (−1)2r to
find the total phase

Φ = (−1)2r+2s+2d+2a+2q(−1)s+d+a+q = (−1)2r+3s+3d+3a+3q

= (−1)2r−s−d−a−q .

With this phase we transcribe the diagrammatic result into algebraic quanti-
ties and obtain

∑

κ,ρ,σ,ψ

(−1)q−κ

(

p a q
ψ α −κ

)

(−1)r−ρ

(

q b r
κ β −ρ

)

×(−1)s−σ

(

r c s
ρ γ −σ

)

(−1)p−ψ

(

s d p
σ δ −ψ

)

= (−1)2r−s−d−a−q
∑

x,ξ

(2x + 1)(−1)x−ξ

(

a x c
α −ξ γ

)(

b x d
β ξ δ

)

×

⎧

⎨

⎩

a p q
x d b
c s r

⎫

⎬

⎭

.

Both results derived in this section are in perfect agreement with the relations
given in [12].

This equation can, of course, be combined with the earlier result from
p. 132 to derive a new relation in which combinations of 3jm- and 3nj-symbols
are treated. Since (−1)2r−2s = (−1)2r+2s = (−1)2c we find

∑

x,ξ

(2x + 1)(−1)x−ξ

(

a x d
α −ξ δ

)(

b x c
β ξ γ

)

×
{

a x d
s p q

} {

b x c
s r q

}

= (−1)2c
∑

x,ξ

(2x + 1)(−1)x−ξ

(

a x c
α −ξ γ

)(

b x d
β ξ δ

)

×

⎧

⎨

⎩

a p q
x d b
c s r

⎫

⎬

⎭

.

9.5 Sum with Six 3jm-Symbols

To continue our analysis of open diagrams we consider a sum over six 3jm-
symbols. As in the previous section we will find optional variations that are
readily derived by the graphical method.
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∑

ψ,κ,μ,ρ
σ.μ,λ

(−1)q−κ

(

p a q
ψ α −κ

)

(−1)v−μ+g−λ

(

q v g
κ −μ −λ

)

×(−1)p−ψ

(

g u p
λ ν −ψ

)

(−1)r−ρ

(

v b r
μ β −ρ

)

×(−1)s−σ

(

r c s
ρ γ −σ

)

(−1)u−ν

(

s d u
σ δ −ν

)

= ?

From the algebraic expressions we see that five 3jm-symbols have one ingoing
and two outgoing lines and the remaining node has two ingoing and one
outgoing line.

−

a, α

p, ψ

q, κ

−

v, μ

q, κ g, λ

−

v, μ

b, β

r, ρ

−

s, σ

c, γ

r, ρ

−u, μ

d, δ

s, σ

−p, ψ u, ν

g, λ

Fig. 9.23. The six symbols are arranged as to indicate the future node connections
for the sums over projections.

The resulting diagram in the following figure has four external lines.
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−

a, α
−

−

b, β

−

c, γ

−

d, δ

−

q

v

r

s

up

g

Fig. 9.24. The six sums over the projections ψ, κ, μ, ρ, σ, μ and λ are represented
by lines connecting the nodes

Nodes and external lines are now rearranged to facilitate further separations
and line contractions.

−

a, α

−

−

b, β

−

c, γ

−

d, δ

−

q

v

r

s

u

p

g

Φlr = (−1)2v

−

−

−

b, β

−

c, γ

−

d, δ

−

+

−

a, α

a

q

v

v

r

s

u

u

p

g

Φlr = (−1)2v

⇒

Fig. 9.25. After reversing the v-line the left-hand diagram has three lines in the
same direction allowing a three-line separation as indicated in the right-hand part
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The left-hand diagram needs further line reversals to approach the form of
a 6j-symbol. The remaining diagram is similar to the diagrams treated in
Sect. 9.4 and leads to similar results.

−

−

−

−

u

g

p

q

a

v

−

b, β

−

c, γ

−

d, δ

+

a, α

v

r

s

u

Φlr = (−1)2v

Fig. 9.26. The separated four node diagram is in the left part of the figure and
the part with all the external lines is shown at the right-hand side

A sum over x, ξ is used to reduce the number of lines in preparation for a
further three-line separation.

+

+

+

+

u

g

pq

a

v

−

+

−

b, β

−

c, γ

−

d, δ

+

a, α

x

b c

v

r

s

u

x

Φlr = (−1)2v+2v+2q+2g+2x

Fig. 9.27. Three line reversals are performed to achieve the appropriate definition
for the separated 6j-symbol
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Line reversal of the x-line aligns the a, d and x-line in the same direction.

+

+

+

+

u

g

pq

a

v

−

+

−

b, β

−

c, γ

+ !

d, δ

−!

a, α

x

b c

v

r

s

u

x

Φlr = (−1)2v+2v+2q+2g+2x

Fig. 9.28. Note the node sign changes brought about by moving the r-line across
the u-line

The three-line separation creates a second closed diagram.

+

+

+

+

u

g

pq

a

v

+

−

−

+

a, α

−

b, β

−

c, γ

+

d, δ

−
x

x

a

b c

d

v

r

s

u

x

Φlr = (−1)2v+2v+2q+2g+2x

Fig. 9.29. The part with all external lines has two nodes and corresponds to two
3jm-symbols
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The second closed diagram allows a further separation.

+

+

+

+

u

g

pq

a

v

+− x

b, β

c, γ d, δ

a, α

−

+

− −

+−
x

a

b c

d

v

r

s

u

x

Φlr = (−1)2v+2v+2q+2g+2x+2x

Fig. 9.30. The reversal of the x-line creates three lines in the same direction
suitable for separation. The concomitant phase is added to the existing phase

The right-hand side diagram is ready to be separated into two parts.

+

+

+

+

u

g

pq

a

v

+− x

b, β

c, γ d, δ

a, α

−

−

+−

x
a

v

u

s

d

+

+

− −

x

b c

v

r

s

x

Φlr = (−1)2v+2v+2q+2g+2x+2x

Φlr = (−1)2a+2d+2u+2s+2s+2r+2x+2b+2c

Fig. 9.31. Several line reversals together with the corresponding phases prepare
transition to 6j-symbols
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The effect of the line reversals will be visible in the next figure.

+

+

+

+

u

g

pq

a

v

+− x

b, β

c, γ d, δ

a, α

− +

− +

+
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−
x

a

v

u

s

d

+

+

−

+

−

+

x

b c

v

r

s

x

Φlr = (−1)2v+2v+2q+2g+2x+2x

Φlr = (−1)2a+2d+2u+2s+2s+2r+2x+2b+2c

Φns = (−1)a+x+d+d+u+s+s+x+v

Φns = (−1)v+b+r+r+c+s

Fig. 9.32. Three direct node sign changes and the corresponding phases are intro-
duced to reach the form of 6j-symbols in the next figure

With just one more adjustment we reach our destination.

+

+

+

+

u

g

pq

a

v

+− x

b, β

c, γ d, δ

a, α

+

+

+ !+!

x

a

v

u

s

d

+

+

+ +

x

b c

v

r

s

x

Φlr = (−1)2v+2v+2q+2g+2x+2x

Φlr = (−1)2a+2d+2u+2s+2s+2r+2x+2b+2c

Φns = (−1)a+x+d+d+u+s+s+x+v

Φns = (−1)v+b+r+r+c+s

Fig. 9.33. Note the node sign changes due to the new position of the u-line
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The line reversals and node sign changes performed in view of the desired final
form of the diagrams have produced a complicated expression for the phase
of the result.

Φ = (−1)2v+2v+2q+2g+2x+2x(−1)2a+2d+2u+2s+2s+2r+2x+2b+2c

×(−1)a+x+d+d+u+s+s+x+v(−1)v+b+r+r+c+s

= (−1)2q+2g+2a+2d+2u+2r+2x+2b+2c(−1)a+2x+2d+u+2s+2v+b+2r+c+s

= (−1)2q+2g+2a+2u+(2b+2x+2c)+(2s+2x+2v)(−1)a+b+c+s+u

= (−1)a+b+c+s+u .

We remove fourfold appearances of angular momentum variables and enclose
in the exponents groups of angular momenta belonging to a single node in
parentheses because (−1)2b+2x+2c = 1 and (−1)2s+2x+2v = 1. In addition to
that, we find (−1)2a+2u = (−1)2v and thus (−1)2q+2g+2v = 1.

The diagrams are now translated into their algebraic form and we obtain
perfect agreement with the formula given by Varshalovich et al. [12].

∑

ψ,κ,μ,ρ
σ.μ,λ

(−1)q−κ

(

p a q
ψ α −κ

)

(−1)v−μ+g−λ

(

q v g
κ −μ −λ

)

(−1)p−ψ

(

g u p
λ ν −ψ

)

×(−1)r−ρ

(

v b r
μ β −ρ

)

(−1)s−σ

(

r c s
ρ γ −σ

)

(−1)u−ν

(

s d u
σ δ −ν

)

= (−1)a+b+c+s+u

{

a p q
g v u

}

∑

x,ξ

(2x + 1)(−1)x−ξ

(

a d x
α δ ξ

)(

x b c
−ξ β γ

)

×
{

a d x
s v u

} {

x b c
r s v

}

.

A Variation of this Formula

As in Sect. 9.4, graphical analysis may proceed with a slight variation but we
will not repeat this analysis and instead make use of results given in Sect. 9.4.
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− −

−

b, β

c, γ d, δ
a, α

r

s
p

q

−

b, β

−

c, γ

−

d, δ

+

a, α

v

r

s

u

Φlr = (−1)2v

Fig. 9.34. The diagram on the left-hand side is taken from Fig. 9.19 and the right-
hand side from 8.75. The figure indicates the variable changes required to translate
one diagram into the other
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The result given in Fig. 9.21 can be used here with the following variable
changes: b → a, c → b, d → c, a → d, r → v, s → r, p → s, and q → u. Note
that the required reversal of the v-line introduces an extra phase (−1)2v.

+ −

−

+

−

+

+

−

b, β c, γd, δ a, α

x

x

s

q

r

p

b

d

c

a

x

Φlr = (−1)2x+2x+2b+2d+2q+2s

Φns = (−1)s+d+p+p+a+q

⇒

+ −

−

+

−

+

+

−

a, α b, βc, γ d, δ

x

x

r

u

v

s

a

c

b

d

x

Φlr = (−1)2x+2x+2a+2c+2u+2r+2v+2x

Φns = (−1)r+c+s+s+d+u

Fig. 9.35. The figure shows the result from Fig. 9.22 and in the lower part the
renamed version relevant here. Note the phase stemming from the reversal of the
x-line

The final diagram is a combination of the left part of Fig. 9.28 with the phase
(−1)2v+2v+2q+2g and the right part of Fig. 9.35.
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u

g

pq
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v

+ −

−

+

−

+

+

−

a, α b, βc, γ d, δ

x

x

ru
vs

a c

bd

x

Φlr = (−1)2v+2v+2q+2g

Φns = (−1)r+c+s+s+d+u

Φlr = (−1)2x+2x+2a+2c+2u+2r(−1)2v(−1)2x

Fig. 9.36. Note that the diagram for the 9j-symbol has been rotated

The total phase Φ can be simplified if we keep in mind that (−1)2v+2q+2g = 1
and also (−1)2x+2a+2c = 1.

Φ = (−1)2v+2v+2q+2g(−1)2x+2x+2a+2c+2u+2r(−1)2v(−1)2x

×(−1)r+c+s+s+d+u

= (−1)2v+2x+2u+2r+2v+2x+2s(−1)r+c+d+u

= (−1)2u+2r+2s(−1)c+d+r+u

= (−1)2d+2r(−1)c+d+r+u

= (−1)c−d−r+u .

The final result requires (−1)2u+2s = (−1)−2d = (−1)2d and also (−1)3d =
(−1)−d and (−1)3r = (−1)−r. The transcription of the diagrams leads to an
equation which, for instance, is not listed Varshalovich et al. [12].

∑

ψ,κ,μ,ρ
σ.μ,λ

(−1)q−κ+v−μ+g−λ+p−ψ

(

p a q
ψ α −κ

)(

q v g
κ −μ −λ

)(

g u p
λ ν −ψ

)

×(−1)r−ρ

(

v b r
μ β −ρ

)

(−1)s−σ

(

r c s
ρ γ −σ

)

(−1)u−ν

(

s d u
σ δ −ν

)

= (−1)c−d−r+u

{

a p q
g v u

}

∑

x,ξ

(2x + 1)

×(−1)x−ξ

(

a x c
α ξ γ

)(

d x b
δ ξ β

)

⎧

⎨

⎩

a x c
v b r
u d s

⎫

⎬

⎭

.
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9.6 New Formula for a Product of two 3jm-Symbols

In contrast to preceding sections, which focused on the graphical transforma-
tion of sums, here we consider simply a product of two 3jm-symbols.

In this section we apply graphical methods to demonstrate that the pro-
duct of two 3jm-symbols can be transformed into a new formula containing
four 3jm- and one 9j-symbol with several summations. Such a product arises
from applications of the Wigner–Eckart Theorem to two tensor operators in
a product of matrix elements.

In the following graphical analysis we consider two 3j-symbols,

(−1)a−α

(

a b c
−α β γ

)

(−1)d−δ

(

d e f
−δ ǫ φ

)

.

−

a, α

b, β

c, γ

−d, δ

e, ǫ

f, φ

−

a, α b, β

c, γ

−d, δ

e, ǫf, φ

⇒

Fig. 9.37. Both nodes have one ingoing and two outgoing lines and both node
signs are negative

The first step introduces a sum over z, ζ which reduces the b- and the e-line.
For the next lines to be combined, the c- and the d-line, the latter has to be
reversed temporarily.
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− + !

c, γ

d, δ

+

−

z
a, α

b, β

b

e, ǫ

e

f, φ

z

Fig. 9.38. Note the sign change in the bottom right node due to the movement of
the d-line across the e-line

A further sum over y, η combines the c- and the d-line. The circular diagrams
indicate the factors to be included in a sum over an angular momentum value.

− +

+

−

+

−

y

c

c, γ

d

d, δ

z
a, α

b, β

b

e, ǫ

e

f, φ

yz

Fig. 9.39. Note a temporary change in the direction of the d-line to give it the
same direction as the c-line

After the introduction of the y, η-sum the external d-line returns to its original
direction.
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+

−

+

−

x

z

z

y

y

c

c, γ

d

d, δ

a, α

b, β

b

e, ǫ

e

f, φ
y

z

x

(−1)2x+2y+2z

Fig. 9.40. A third sum over x, ξ is introduced here. Note the line reversals for x, y-
and z-lines joined in one node. The phase factor is 1 and displayed for completeness

x- and a-line are now aligned in the same direction but the direction of the
f -line is now reversed temporarily to prepare a three line separation.

− +

+

−

+

−

+

−

x

z

z

y

y

c

c, γ

d

d, δ

a, α

b, β

b

e, ǫ

e

f, φ

y

z

x

(−1)2x+2y+2z

Fig. 9.41. Note a temporary change in direction for the f -line
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The ground has been cleared for a three line separation which creates a closed
diagram in the bottom of the figure.

− +

+

−

+

−

+

−

−
+

x

x

z

z

y

y

c

c, γ

d

d, δ

a

a, α

b, β

b

e, ǫ

e

f

f, φ

y

z

x

(−1)2x+2y+2z+2x

Fig. 9.42. Two nodes of different node sign are inserted for the separation of the
diagram into two parts. Note a further change in the direction of the upper x-line

The external f -line returns to its original direction and the closed diagram is
transformed.
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c, γ
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d, δ

a

a, α
b, β

b

e, ǫ

e

f

f, φ

y

z

x

(−1)2x+2y+2z+2x

Fig. 9.43. The bottom right node is moved upward and the e-line passes through
the d-line and changes the node sign

The closed bottom diagram requires a few changes to achieve the form of a
9j-symbol.

+!

+ ++

−

−+ − !

− − +

−

x

x

z

z

y

y

c

c, γ

d

d, δ

a

a, α

b, β

b

e, ǫ

e

f

f, φ

y

z

x

(−1)2x+2y+2z+2x+2x+2a+2f

(−1)x+y+z+d+e+f

Fig. 9.44. The x-, the z- and the b-lines are moved across the a-line and the
adjoining nodes change sign. In addition, two more node sign changes and three line
reversals are required
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The changes have transformed the closed diagram into a 9j-symbol.

+

+

+

−

+ −

− +

+ −

x

z y

c, γ d, δ

a, α

b, β e, ǫ

f, φ

+

x

y
z

d

e

f

a
b

c

y

z

x

(−1)2x+2y+2z+2x+2x+2a+2f

(−1)x+y+z+d+e+f

Fig. 9.45. The diagram consists of four 3jm-symbol and a 9j-symbol. The phase
can be simplified

The accumulated phase is

Φ = (−1)2z+2y+2x(−1)2x(−1)2x+2a+2f (−1)x+y+z+e+d+f ,

and this phase may be reduced to (−1)−x+y+z+e+d+f .
The application of the methods of graphical analysis have produced a new

formula for the product of two 3jm-symbols.

(−1)a−α

(

a b c
−α β γ

)

(−1)d−δ

(

d e f
−δ ǫ φ

)

=

=
∑

z,ζ

(2z + 1)
∑

y,η

(2y + 1)
∑

x,ξ

(2x + 1)

×(−1)z−ζ

(

b z e
β −ζ ǫ

)

(−1)x−ξ

(

z x y
ζ −ξ η

)

×(−1)y−η(−1)d−δ

(

d c y
−δ γ −η

)

(−1)a−α

(

a x f
−α ξ φ

)

⎧

⎨

⎩

z y x
e d f
b c a

⎫

⎬

⎭

×(−1)−x+y+z+e+d+f .
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To the best of our knowledge, this formula has never before appeared in the
literature. The result can, however, be linked to the orthogonality relation of
9j-symbols [32].

9.7 Recovering a Previous Result

Seeking confirmation of the product formula just derived, we recall analysing
a sum over such a product in Sect. 9.1. The two 3jm-symbols share a common
angular momentum q there and the sum is over the projection κ. It seems a
worthwhile exercise to recover the result obtained in Sect. 9.1 from the diagram
in Fig. 9.45. For this we have to change four variable names in order to achieve
correspondence between Figs. 9.1 and 9.37.

−

a, α

b, β

c, γ

−d, δ

e, ǫ

f, φ

−

a, α

b, β

q, κ −q, κ

e, ǫ → d, δ

f, φ → c, γ

=⇒

Fig. 9.46. In the transition from top to bottom we note that, both c and d have
been replaced by q. For correspondence with Fig. 9.1 we also replace e → d and
f → c

The positive node sign in Fig. 9.1 can be achieved by changing the cyclic order
at both nodes. The only remaining differences are the different orientation
of the q-line when we sum over κ and that the a-line is ingoing instead of
outgoing. These differences are taken into account by an extra phase (−1)2q

and a different direction of the a-line in Fig. 9.45.
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+ −

+

−+

−

x

y
z

q

d

c

a

b

q

+

++
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b, β d, δ

c, γ

y

z

x

(−1)2x(−1)2q

(−1)x+y+z+q+d+c

Fig. 9.47. The figure is the adapted version of Fig. 9.45. Note the phase has been
simplified and a phase (−1)2q inserted. The phase has been adjusted to the new
angular momentum variable names. The sum over κ connects two external lines as
indicated by the circular q-line

The circular q-line represents a closed diagram connected to the rest by only
one line and this means, as we have seen, that the single connecting line can
only have one value, namely zero.

Setting y = 0 has the consequence x = z and we are left with four remov-
able nodes.
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+

+

+

−
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x

q

d

c

a

b

q

x

x

(−1)2x(−1)2q

(−1)x+0+x+q+d+c

Fig. 9.48. Note that with y = 0 the factor (2y + 1) = 1 can be dropped. Some
nodes need appropriate line reversals or, equivalently, node sign changes to become
removable

The nodes attached to the 0-lines will now be removed following the procedure
described in Sect. 3.5. The requirements for removing the nodes in the 9j-
symbol call for line reversals of an x- and a q-line which decide, of course, the
final direction of these lines.
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(−1)x+0+x+q+d+c

(−1)2q

Fig. 9.49. Removal of the nodes attached to a 0-line creates the triangular dia-
grams. Two of these cancel the circular q-line. In the same way one circular x-line
is cancelled by two triangle diagrams
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(−1)2q

(−1)2x

(−1)2q

x

(−1)2x(−1)2q

(−1)x+0+x+q+d+c

(−1)2x+2x+2d

(−1)x+a+c+x+a+c+q+d+c

Fig. 9.50. The bottom node is moved across the d-line and two node signs change

Several line reversals and node sign changes are required for the final diagram.
The phase simplifies if we drop all fourfold appearances of x and q and remove
(−1)2x+2a+2c = 1 and (−1)2q+2d+2c = 1. For the remaining phase factor we
have (−1)2x+2q+2d = (−1)2x+2c = (−1)−2a = (−1)2a.

++ x

a, α b, β

d, δc, γ

+

+

+

+

x

d

c

a

b q
−

−

−

−
x

d

c

a

b q

x

(−1)2a

⇒

(−1)2a+2c+2b+2d = (−1)2a+2c+2x = 1

Fig. 9.51. In the bottom part of the figure the 6j-symbol is subjected to a trans-
formation which exchanges the two nodes connected by the a-line. This changes all
node signs and requires more line reversals
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To achieve the required positive node signs for the 6j-symbol, the diagram
needs to be flipped around the c-line.

−− x

a, α b, β

d, δc, γ

+

+

+

+

x

d

ca

b

q

x

Φ = (−1)2a

Fig. 9.52. Note that the external lines have changed position thus changing the
cyclic order and the node sign

The last figure shows the same diagram as given in Fig. 9.4. That we have
recovered the result of Sect. 9.2 is an indication for the correctness of the new
product formula for two 3jm-symbols. derived and analysed in Sect. 9.6.
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Application in Atomic Physics

In preceding sections rules and methods required for the graphical theory of
angular momentum have been introduced and exercised in various examples
dealing with closed or open diagrams in Sects. 8 and 9, respectively. It is now
time to consider an example in which open and closed diagrams are combined.

Most of the results found are well known but it is also quite feasible to
search for new relations as, for example, in Sect. 9.6 and Sect. 8.3.3. It is thus
worthwhile to study the application of the graphical method on hand of an
example plucked from atomic physics. There is, however, a drawback in that
we have to insert a short introduction to concepts related to spherical tensor
operators and their matrix elements for many electron atoms before we return
to the graphical method. In this context we wish to draw attention to the
contents of App. A.

10.1 Spherical Tensor Operators

Spherical, or irreducible, tensors are usually defined by their commutation
relations or through their properties under proper rotations, which should
be like those for spherical harmonics, as defined in [4; 9]. A tensor operator
TK

Q has rank K and projections specified by Q with −K ≤ Q ≤ K. In the
following we will always consider symmetric tensor operators built from sums
of tensor operators (tKQ )i for single electrons denoted by subscript i.

TK
Q =

∑

i

(tKQ )i . (10.1)

In general, any tensor operator may be coupled from two parts, ua
α and vb

β ,
which operate on spin and orbital components, respectively. We will use the
notation {ua

α ⊗ vb
β}K

Q = tKQ for the following definition

tKQ =
∑

α,β

ua
αvb

β(aαbβ|KQ) . (10.2)

E. Balcar, S.W. Lovesey, Introduction to the Graphical Theory of Angular

Momentum, STMP 234, 159–200, DOI 10.1007/978-3-642-03118-2 10,
c© Springer-Verlag Berlin Heidelberg 2009
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Although the coupling formula uses Clebsch–Gordan coefficients, we have
seen that there is a close connection between these coefficients and the 3jm-
symbols, see Sect. 2.2.

In a quantum mechanical calculation the goal is usually the calculation of
matrix elements of TK

Q .

〈JM |TK
Q |J ′M ′〉 = 〈αSLJM |TK

Q |α′S′L′J ′M ′〉 = ? (10.3)

The coupling used for the initial and final state function is the Russell–
Saunders or SL-coupling. The additional quantum numbers α and α′ cover
those cases in which the values S and L are not sufficient to uniquely label
the term. These α-labels should not be confused with the magnetic quantum
numbers α, β in the coupling equation.

The properties of the spherical tensor operators have a very important
consequence for their matrix elements and this is the content of the Wigner–
Eckart Theorem: the dependence of the matrix element above on M,Q and
M ′ is described by an 3jm-symbol, namely

〈JM |TK
Q |J ′M ′〉 = (−1)J−M

(

J K J ′

−M Q M ′

)

× (red. mat. el.) . (10.4)

The factor on the right-hand side is usually, but not quite fittingly, called
the reduced matrix element and comprises the remaining part of the matrix
element, once the 3jm-symbol with the phase is split off. The formidable
power of the Wigner–Eckart Theorem is that the projections are solely in the
3jm-symbol representing the geometric part of the matrix element.

10.2 Reduced Matrix Elements

A reduced matrix element is independent of the magnetic quantum numbers
M,Q and M ′ and this fact is also displayed in the notation.

〈JM |TK
Q |J ′M ′〉 = (−1)J−M

(

J K J ′

−M Q M ′

)

× (αSLJ‖TK‖α′S′L′J ′) . (10.5)

Racah has shown that a reduced matrix element may be separated into a
general and a specific part. Assuming that the states labelled by JM and
J ′M ′ belong to the same electron configuration (angular momentum l and
spin s = 1/2) the reduced matrix element can be separated into a unit tensor
(αSLJ‖W (a,b)K‖α′S′L′J ′) and those factors that depend only on the specific
characteristics of the one electron operators or rather on their individual re-
duced matrix elements. Here, a denotes the rank of the spin part, ua

α, and b
the rank of the orbital part, vb

β , of a coupled spherical tensor operator, tKQ ,
defined in 10.2.

(αSLJ‖TK‖α′S′L′J ′) = (αSLJ‖W (a,b)K‖α′S′L′J ′)

×(s‖u(a)‖s)(l‖v(b)‖l) . (10.6)
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It is possible to factorize the reduced matrix element of the unit tensor W (a,b)K

into a 9j-symbol and the reduced matrix element of a second, simpler unit
tensor W (a,b).

(αSLJ‖W (a,b)K‖α′S′L′J ′) =

[

(2J + 1)(2K + 1)(2J ′ + 1)

(2a + 1)(2b + 1)

]1/2

×

⎧

⎨

⎩

S L J
S′ L′ J ′

a b K

⎫

⎬

⎭

(αSL‖W (a,b)‖α′S′L′) . (10.7)

The form of the reduced matrix element of W (a,b) has been given by Racah
and is based on the use of Racah’s coefficients of fractional parentage. These
coefficients allow the construction of an antisymmetrised state for n electrons
from a linear combination of products of parent states with n−1 electrons and
a single electron state, provided all electrons belong to one shell of angular
momentum l.

(αSL‖W (a,b)‖α′S′L′) =
∑

α∗S∗L∗

{

S a S′

s S∗ s

} {

L b L′

l L∗ l

}

× (−1)S∗+s+S+a+L∗+l+L+b

× (lnαSL{← |ln−1α∗S∗L∗)(ln−1α∗S∗L∗| →}lnα′S′L′) . (10.8)

Here the last line contains the coefficients of fractional parentage, or cfp, for
brevity, that are common to the initial and the final state.

With the last equation we have assembled all the general ingredients for
the matrix element of a, possibly coupled, tensor operator.

〈SLJM |TK
Q |S′L′J ′M ′〉 = (−1)J−M

(

J K J ′

−M Q M ′

)

(10.9)

× [J,K, J ′]1/2

[a, b]1/2

⎧

⎨

⎩

S L J
S′ L′ J ′

a b K

⎫

⎬

⎭

×
∑

α∗L∗S∗

{

S a S′

s S∗ s

} {

L b L′

l L∗ l

}

(−1)S∗+s+S+a+L∗+l+L+b

× (lnαSL{|ln−1α∗S∗L∗)(ln−1α∗S∗L∗|}lnα′S′L′)

× (s‖u(a)‖s)(l‖v(b)‖l) .

From the point of graphical analysis we note four characteristic features of a
matrix element of a tensor operator: The 3jm-symbol from the Wigner–Eckart
Theorem, a 9j-symbol containing the ranks a, b and K, and, finally two 6j-
symbols related to the passage from parent to daughter state. One should,
however, not expect the same characteristics for a matrix element between
differing configurations, as we shall see.
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10.3 X-ray Absorption: an E1 Process

The example considered here is based on the description of an x-ray absorption
process in which an electron from the d-shell is excited into the f-shell, say.

3d 10

4f 11

SµLµJµ

3d 9

4f 12

SηLηJη

S∗L∗J∗

s l̄ j̄

Fig. 10.1. Symbolic sketch of the electron shells in the initial state and the excited
state with the corresponding quantum numbers

The calculation of such matrix elements is given in detail in [15], formula
(14.88), for a transition involving two active electron shells. This formula
simplifies, to some extent, because for this case considered here the electron
is excited from a full shell with orbital and spin quantum number zero.

The drawing in Fig. 10.1 displays the variables used to describe the initial
state, SμLμJμ, where the d-shell is closed and has no angular momentum.
In the photon absorption process an electron is excited from the d-shell and
leaves a hole, sl̄, which, subject to spin-orbit coupling, is characterized by
j̄. The photo-excited electron becomes part of the f-shell with new angular
momenta S∗L∗J∗. The quantum numbers for the complete, f12, excited state,
SηLηJη, result from coupling the hole and the f-shell.

The spherical tensor operator TK
Q contains in this case the electric dipole

(E1) operator r(1) = r(1)C(1). The reduced matrix element has the form



10.3 X-ray Absorption: an E1 Process 163

((00, lk−1αμSμLμ)SμLμ, Jμ‖
∑

i

r(i)C(i)‖(s, l̄, lkα∗S∗L∗)SηLη, Jη)

= δSμSη (−1)k+L∗+l̄+Sμ+Jμ (nk[L∗, S∗, Lη, Jμ, Jη])1/2

[l̄, s, Sμ]1/2
(10.10)

×
{

Lμ Sμ Jμ

Jη 1 Lη

}{

1 l l̄
L∗ Lη Lμ

}

× (lk−1αμSμLμ|}lkα∗S∗L∗)(l̄‖r(1)C(1)‖l) .

The bottom line contains (lk−1αμSμLμ|}lkα∗S∗L∗), a coefficient of fractional
parentage connecting the parent state of lk−1 electrons to the state of lk with
the extra excited electron.

The reduced matrix element in (10.10) is derived in the SL-coupling
scheme and it would make sense to recouple the angular momenta to ex-
press the dependence on j̄ of the electron hole. The recoupling formula entails
a 9j-symbol and a sum over Sη, Lη.

|[(s, l̄)j̄, (S∗, L∗)J∗]JηMη〉 (10.11)

=
∑

SηLη

|[((s, S∗)Sη, l̄, L∗)Lη]JηMη〉[j̄, J∗, Sη, Lη]1/2

⎧

⎨

⎩

s l̄ j̄
S∗ L∗ J∗

Sη Lη Jη

⎫

⎬

⎭

.

Because the full d-shell has neither spin nor orbital moment, the recoupling
has no effect for the initial state. Due to the Kronecker-δ, δSμSη , the sum over
Sη is trivial and only the sum over Lη remains in the reduced matrix element.

(SμLμJμ‖
∑

i

r(i)C(i)‖j̄J∗Jη)

= (−1)k+L∗+l̄+Sμ+Jμ (k[L∗, S∗, Jμ, Jη])1/2

[Sμ]1/2
[j̄, J∗, Sμ]1/2 (10.12)

×
∑

Lη

(2Lη + 1)

⎧

⎨

⎩

s l̄ j̄
S∗ L∗ J∗

Sμ Lη Jη

⎫

⎬

⎭

{

l̄ L∗ Lη

Lμ 1 l

}{

Jη Sμ Lη

Lμ 1 Jμ

}

× (lk−1αμSμLμ|}lkα∗S∗L∗)(l̄‖r(1)C(1)‖l) .

In (10.12) we recognize a sum over a 9j- and two 6j-symbols with the sum-
mation variable Lη. With some rearrangements in the 9j- and 6j-symbols we
find correspondence with the sum from Sect. 8.3.2:

∑

x

(2x + 1)

⎧

⎨

⎩

e f x
a b p
c d q

⎫

⎬

⎭

{

f e x
l k h

} {

p q x
k l g

}

⇒
∑

Lη

(2Lη + 1)

⎧

⎨

⎩

Jη Sμ Lη

j̄ s l̄
J∗ S∗ L∗

⎫

⎬

⎭

{

Sμ Jη Lη

1 Lμ Jμ

} {

l̄ L∗ Lη

Lμ 1 l

}

. (10.13)
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This correspondence also defines the variable substitutions that have to take
place if we want to retrieve the graphical part of the matrix element from the
corresponding figure in Sect. 8.3.2.

−

1, q

JηMη

JµMµ

−

−

+

−+

−

+

+

s

S∗

Sµ

j̄
J∗

Jη

L∗

l̄ l

1

Jµ

Lµ

Fig. 10.2. In order to obtain this diagram from Fig. 8.62 several line reversals and
node sign changes are required. In addition to that, the following variable names
are replaced: a → j̄, b → s, c → J∗, d → S∗, e → Jη, f → Sµ, g → l, h → Jµ,
k → Lµ, l → 1, p → l̄, and q → L∗. The variable q will in the following describe
the projection of the dipole operator. The phase is not taken into account in this
chapter

The 3jm-symbol completes the matrix element of a vector operator of rank 1
(dipole operator) as required by the Wigner–Eckart Theorem. Thus, based
on prior results we have recovered the graphical parts of the matrix element
describing the absorption of an x-ray photon. An equivalent 12j-symbol has
been used by Thole and van der Laan in their analysis of x-ray absorption in
[16].

10.4 Resonance-Enhanced X-Ray Scattering:

E1-E1-Process

Proceeding from absorption to scattering we note a weak contribution to the
x-ray scattering amplitude f that is described by a term from second-order
perturbation theory. Due to the energy denominator present in this term,
the weak contribution may be strongly enhanced if the x-ray photon is in
resonance with the absorbing and emitting states of the atom [37].
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f(μ, μ′) ∝
∑

η

〈μ|∑
i

ǫ · ri|η〉〈η|
∑

i

ǫ · ri|μ′〉

h̄ω − (Eη − Eμ) + iΓη
. (10.14)

If the photon energy h̄ω ∼ (Eη − Eμ) is close to the energy difference of the
levels described by μ and η the contribution to the atomic scattering amplitude
will show a resonance with a width determined by the life-time h̄/Γη of the
virtual, intermediate state. The product of matrix elements in the numerator
refer to the absorption and emission process depicted in the following figure.
d- and f-states are used as a concrete example, our calculation is for general
equilibrium and virtual states.

3d 10

4f 11

SµLµJµ

3d 9

4f 12

SηLηJη

S∗L∗J∗

s l̄ j̄

3d 10

4f 11

Sµ′Lµ′Jµ′

Fig. 10.3. Symbolic sketch for a second-order process. One electron from the d-shell
absorbs a photon and is excited into an intermediate state. The photon is re-emitted
by an electron returning to the d-shell of the final state

Depending on the number of electrons in the f-shell there may be a great
number of states S∗L∗J∗M∗ available for coupling with the hole sl̄j̄m in the
d-shell into an even greater number of states SηLηJηMη.

f(μ, μ′) ∝
∑

η?

⎧

⎨

⎩

〈μ|
∑

i

ǫ · ri|(sl̄)j̄(S∗L∗)J∗JηMη〉
×〈(sl̄)j̄(S∗L∗)J∗JηMη|∑

i

ǫ · ri|μ′〉

⎫

⎬

⎭

h̄ω − (Eη − Eμ) + iΓη
. (10.15)



166 10 Application in Atomic Physics

In principle, all virtual, intermediate states have separate energy levels, in re-
ality, however, many energies will be close to each other and may be grouped
together and represented by a few values. Thus it seems a sensible approxi-
mation to separate the analysis of the numerator and denominator in such a
way as to perform a selective sum, indicated by the question mark in (10.15),
over the intermediate states which retains dependence on just a few quantum
numbers of physical relevance.

In (10.15) we have specified the angular momentum variables present in
the intermediate state. From these j̄, the total angular momentum of the
hole, has two values l̄ ± 1/2 for non-zero orbital angular momentum l̄. If the
dependence on j̄ is kept this is equivalent to gathering the energy levels into
just two groups. The restricted summation will in this case include sums over
Mη, Jη and J∗.

Removing the dependence on j̄ by summing over this variable represents
all energies by a single mean value for the energy denominator. On the other
hand, we will find also an option to keep a dependence on both j̄,m and the
corresponding number of energy denominators.

The approximations discussed in the preceding paragraphs have been ap-
plied frequently in the literature together with the method of graphical ana-
lysis. A few selected citations which also refer to the graphical method are
Carra et al. [24], van der Laan [20], and Thole et al. [21].

10.5 Equivalent Atomic Tensor Operator

In the framework of the approximations discussed above we concentrate in
the following just on the product of two matrix elements

Z(μ, μ′) ∝
∑

η?

⎧

⎨

⎩

〈μ|∑
i

ǫ · ri|(sl̄)j̄(S∗L∗)J∗JηMη〉
×〈(sl̄)j̄(S∗L∗)J∗JηMη|∑

i

ǫ · ri|μ′〉

⎫

⎬

⎭

. (10.16)

The, rather complicated, scalar expression in (10.16) can be recast into a
single matrix element between states μ and μ′ for a scalar product of two
tensor operators. The first tensor XK

Q (ǫ ′, ǫ) = (ǫ ′ ⊗ ǫ)K
Q depends on the

photon properties and the second, usually called atomic tensor, on the atomic
electron state. Specific values of X are found in [37].

∑

η?

⎧

⎨

⎩

〈μ|
∑

i

ǫ · ri|(sl̄)j̄(S∗L∗)J∗JηMη〉
×〈(sl̄)j̄(S∗L∗)J∗JηMη|∑

i

ǫ · ri|μ′〉

⎫

⎬

⎭

(10.17)

≡
∑

KQ

(−1)QXK
−Q(ǫ ′, ǫ)〈μ|TK

Q |μ′〉 .

The equivalence in (10.17) can be viewed as a statement that the left-hand
side is a scalar quantity of the form {XK ⊗ TK}0

0. This equivalence has first
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been exploited by Luo et al. [33]. In the following we will undertake the task
of confirming the properties of the equivalent atomic tensor with methods
of the graphical theory. The tensor properties, as specified in (10.9), require
the characteristic 3jm-symbol of the Wigner–Eckart Theorem, a 9j-symbol
and two 6j-symbols for the unit tensor W (a,b). For this purpose it will be
sufficient to follow the transformations of the diagrams without keeping track
of the phases introduced by node sign changes or line reversals. As an addi-
tional simplification, the circular diagrams representing factors like (2x + 1)
etc., see e.g. Fig. 7.4, will be left out from the diagrams. Of course, in any
translation into algebraic expressions these factors have to be removed or in-
serted, whether the summation is carried out or remains in the final result,
respectively.

For the graphical representation of the product of two matrix elements we
use the result for a single matrix element as given in Fig. 10.2.

+

Jµ, Mµ 1, q Jη, Mη

−

Jη, Mη 1, q′ Jµ′, Mµ′

+

−

+

+

−

+

−

−

+

−

−

+

−

+

+

−

s

S∗

Sµ

j̄
J∗

Jη

L∗

l̄ l

1

Jµ

Lµ

s

S∗

Sµ′

j̄
J∗

Jη

L∗

l̄l

1

Jµ′

Lµ′

Fig. 10.4. Note the node sign change in the left 3jm-symbol. The 12j(I)-symbols
have been rotated. The right 12j-symbol is obtained as a mirror image from the
left symbol. The direction of the lines labelled 1 has been reversed in the closed
diagrams
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The diagrams in Fig. 10.4 follow from Fig. 10.2 and represent the product of
the two matrix elements displayed in (10.17). In the right part of the diagram
Lμ, Sμ and Jμ are replaced by the primed angular momentum variables of the
final state μ′.

+

−

+

+

−

+−

+

−

−

+

−

+−

Jµ, Mµ
1, q Jη, Mη Jη, Mη

1, q′ Jµ′, Mµ′

s

S∗

Sµ

j̄
J∗

L∗

l̄ l

Lµ

s

S∗

Sµ′

j̄
J∗

L∗

l̄l

Lµ′

Fig. 10.5. Both 3jm-symbols have been joined to their 12j(I)-symbol partner.
The temporary reversal of the ingoing lines of the 3jm-symbols required for the
three-line joining has been undone

At this point the diagrams are ready for the summation over η and other
variables and we will have to specify how to carry out the ‘selective’ sum over
intermediate states. The first step removes all dependence on the quantum
numbers of the intermediate state η through sums over Mη and Jη. In a
second step we deal with the quantum numbers of the shell holding the excited
electron. We have, however, to retain the dependence on S∗ and Ls because
the graphical method does not include the coefficients of fractional parentage
seen, e.g., in (10.8) or (10.9). A sum over M∗ and J∗ leaves just the dependence
on j̄ from the properties of the intermediate state.
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+

−

+

+

−

+−

+

−

−

+

−

+−

Jµ, Mµ

1, q

Jη

1, q′
Jµ′, Mµ′

s

S∗

Sµ

j̄

J∗

L∗

l̄ l

Lµ

s

S∗

Sµ′

j̄
J∗

L∗

l̄l

Lµ′

Fig. 10.6. In the left diagram the directions of the j̄- and the J∗-line are reversed
in preparation for the sum over Jη. The double line indicates the double sum over
Mη and Jη and is also reversed

The circular diagrams representing, say, the factor (2Jη+1) required for a sum
over Jη, as well as similar factors in the following figures, are not displayed.

+

−

+

+

−

−

+

−

−

+

−

+

Jµ, Mµ

1, q 1, q′
Jµ′, Mµ′

s

S∗

Sµ
J∗

j̄

L∗

l̄ l

Lµ

s

S∗

Sµ′

L∗

l̄l

Lµ′

Fig. 10.7. The previously separate diagrams are joined to a single diagram. There
is no dependence on Jη, Mη. The double line indicates the next sum over J∗. The
directions of the L∗- and S∗-line are reversed in the left part of the diagram
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The dependence on L∗ and S∗ must be retained because the coefficients of
fractional parentage, invisible in the diagram, depend on these variables. The
summations over S∗ and L∗ will be performed after the graphical analysis is
completed.

+

−

+ +

−

− −

+

−

+

Jµ, Mµ

1, q 1, q′

Jµ′, Mµ′

s

Sµ j̄

l̄

l

Lµ

s

S∗

Sµ′

L∗

l̄

l

Lµ′

Fig. 10.8. The summations have removed several nodes and simplified the diagram
considerably

Further progress may be made through the introduction of new summations
with the intent to separate the external lines from the main body of the
diagram.

+

−
+

−

+ +

−

− −

+

−

+

K

s

Sµ

j̄

l̄

l

1, q

1

Jµ, Mµ

Lµ

sS∗

Sµ′

L∗

l̄

l

1, q′

1

Jµ′, Mµ′

Lµ′

Fig. 10.9. Two new nodes, joined by a double line K, are introduced and contract
the two external lines representing the rank of the vector operator r(1)C(1)
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At this stage several options are available. It is possible to perform a three
line separation into a diagram with the external lines and a closed diagram.
One of the resulting 3jm-symbols has the form required by the Wigner–Eckart
Theorem for a tensor operator of rank K. In this case the diagram will retain
a dependence on the total angular momentum j̄ of the core hole. On the other
hand, it seems worthwhile, from a physical point of view, to pursue an attempt
to keep not only the dependence on j̄ but to display the additional dependence
on the magnetic quantum number m. This will be the most general result that
contains all the simpler options as we will find in subsequent sections.

10.6 Retaining Dependence on j̄ and m

+

−

+

−

+ +

−

− −

+

−

+

K

s

Sµ

j̄, m j̄, m

l̄

l

1, q

1

Jµ, Mµ

Lµ

s

S∗

Sµ′

L∗

l̄

l

1, q′

1

Jµ′, Mµ′

Lµ′

Fig. 10.10. The direction of the K-line and one external j̄-line is reversed. By
breaking the internal j̄-line into two parts the diagram recovers the dependence on
m
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Introducing the dependence on m has led to an increase of the number of exter-
nal lines. The diagram is now more general at the price of higher complexity.
The separation of a closed diagram will require more auxiliary summations,
as we shall see.

+

−

+

−

+

−

+ +

−

− −

+

−

+

K r

s

Sµ

j̄, m

j̄

j̄, m

j̄

l̄

l

1, q

1

Jµ, Mµ

Lµ

s

S∗

Sµ′

L∗

l̄

l

1, q′

1

Jµ′, Mµ′

Lµ′

Fig. 10.11. The external j̄-line has been returned to its previous direction

The introduction of the r-line and the corresponding sum over r is a first
step. Another auxiliary sum is required to reduce the number of lines and to
prepare the diagram for a three-line separation.
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Jµ, Mµ

Lµ

s

S∗

Sµ′

L∗

l̄
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1

Jµ′, Mµ′

Lµ′

Fig. 10.12. The external Jµ′-line is temporarily reversed as required to allow a
three-line separation
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s

S∗

Sµ′

L∗

l̄

l

1, q′

1

Jµ′

Jµ′, Mµ′

Lµ′

Fig. 10.13. The three-line separation collects all external lines in the upper dia-
gram. Both diagrams are subject to the sums over K, r and x

Among emerging 3jm-symbols one finds the signature of a Wigner–Eckart
3jm-symbol for a tensor operator of rank x. The bottom diagram, which cor-
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responds to a unspecific 21j-symbol, not previously encountered, is rearranged
to prepare it for subsequent transformations.

+ ++

−
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−

−

+

−

+ +

−

− −
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−

+
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K

r

r
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s
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j̄, m

j̄

j̄, m

j̄
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1, q

1

Jµ

Jµ, Mµ

Lµ

s

S∗

Sµ′

L∗

l̄

l

1, q′

1

Jµ′

Jµ′, Mµ′

Lµ′

Fig. 10.14. Note that the external Jµ′-line has returned to its previous direction.
The external lines are collected in a group of four 3jm-symbols. The directions of
the Lµ, Lµ′ and one x-line have been changed
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Two more auxiliary sums will allow the separation of a 9j-symbol present in
the unit tensor W (a,b)x for a tensor operator of rank x.

Starting with Fig. 10.15 the top part of the figure containing four 3jm-
symbols will not be repeated in the following figures to simplify the diagrams.

+ +

+

−

−

−

− −

+

−

+ +

−

− −

+

−

−

K r

xa b

s

Sµ

Sµ

j̄ j̄

l̄

l

1

Jµ

Lµ

Lµ

s

S∗

Sµ′

Sµ′

L∗

l̄

l

1

Jµ′

Lµ′

Lµ′

Fig. 10.15. A node sign change for the top right-hand node is not displayed here.
As mentioned before, the circular diagrams for the factors (2a + 1) or (2b + 1) etc.
are not explicitly included in the diagrams

The emerging 9j-symbol is characteristic for the unit tensor W (a,b)x appro-
priate for a coupled tensor operator with spinor rank a and orbital rank b.
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Fig. 10.16. A three-line separation leads to a 9j-symbol and a general 21j-symbol

Although not easily discernible, two triangular structures are contained in
the bottom diagram and these will be moved to the left and to the right.
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Fig. 10.17. the direction of one a-line is reversed here. The bottom right node sign
has changed

Both triangles can be separated from the main diagram and will contain the
dependence on L∗ and S∗, respectively.

From now on the separated 9j-symbol at the top of the figure will not be
repeated in the following figures to simplify the diagrams.
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Fig. 10.18. Two 6j-symbols are created by the two separations

The bottom diagram is rearranged in preparation for a line reduction that
allows the separation of the variable x from the remaining diagram.
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Fig. 10.19. The rearrangement of the bottom diagram effected two node sign
changes. The direction of the K-line is reversed

In order to remove the dependence on x from the bottom diagram we contract
the a- and r-line with a sum over the additional variable y.

In the following figures, the two separated 6j-symbols at the top of
Fig. 10.19 will no longer be repeated.
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Fig. 10.20. The triangle with the r, x and a-line is now separable and leads to a
new 6j-symbol

The bottom diagram is ready for a three line separation creating an additional
6j-symbol.
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Fig. 10.21. The newly separated 6j-symbol contains all auxiliary variables intro-
duced so far
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As intended, the new 6j-symbol will remove the remaining dependence on x
from the bottom diagram.

The separated 6j-symbol at the top of Fig. 10.21 will be left out in the
following figures.
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Fig. 10.22. By rearranging the remaining diagram we discover that it is separable.
Note the node sign change in the bottom right node

This diagram is separable at the y- and two l̄-lines without any further ma-
nipulation.
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Fig. 10.23. A final three-line separation splits the bottom diagram into two 9j-
symbols

These are, essentially, the final diagrams which only need a few modifications
to give the 6j- and 9j-symbols their proper form.

It is now time to collect all parts in Fig. 10.24 which have gradually been
left out of the figures to simplify the diagrams during the separations.



10.6 Retaining Dependence on j̄ and m 183

+ −

−

−

+

− −

+ +

−

+

+

+

+

+

+

++

+ +

+

+

+

− −

+ +

−

+

−

−

+

−

+

K r

x

1, q′

Jµ′, Mµ′Jµ, Mµ

1, q

j̄, m

j̄, m

x

Jµ Jµ′

a

Sµ

Sµ′

b

Lµ′

Lµ

sS∗

Sµ′

s

aSµ b

l

l L∗

Lµ′

Lµ

y

r

a

x

b

K

a s

s

j̄

j̄r

y

l̄

l̄

y

K

b

l

l̄

1

l̄

l

1

Fig. 10.24. Several node sign changes and line reversals are required to achieve
the appropriate form for all 6j- and 9j-symbols



184 10 Application in Atomic Physics

(−1)K−Q

(

1 K 1
q −Q q′

)

(−1)j̄−m+r−0

(

j̄ r j̄
−m 0 m

)

(−1)x−ξ

(

K r x
Q 0 −Q

)

(−1)Jμ−Mμ

(

Jµ x Jµ′

−Mµ Q Mµ′

)

{

Sµ Lµ Jµ

Sµ′ Lµ′ Jµ′

a b x

}

{

K r x
a b y

}

{

s a s
Sµ S∗ Sµ′

} {

l b l
Lµ L∗ Lµ′

}

{

s l̄ j̄
s l̄ j̄
a y r

} {

1 l l̄
1 l l̄
K b y

}

Fig. 10.25. The diagrams from Fig. 10.24 are translated into their algebraic equiv-
alents. Properties of the 3jm-symbols allow only projection ρ = 0 for the variable r
and this implies also projection ξ = −Q for x. Summations over r, x as well as a, b, y
are not explicitly displayed

The marked terms in this figure represent the main contributions from the
graphical analysis of the product of two matrix elements. They demonstrate
that these terms can be interpreted as signature of a matrix element of
an equivalent tensor operator between the states described by Jμ,Mμ and
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Jμ′,Mμ′. This interpretation rests on the 3jm-symbol prescribed by the
Wigner–Eckart Theorem for a spherical tensor operator T x

Q. The 9j-symbol

and the two 6j-symbols are a signature of a corresponding unit tensor W (a,b)x,
provided one introduces sums over L∗ and S∗ into the expression and takes
the coefficients of fractional parentage, cfp, into account.

The bottom part of Fig. 10.25 represents, in the framework of our inter-
pretation, the one electron reduced matrix element of the equivalent tensor
operator. We note that the two 9j-symbols contain the single electron quan-
tum numbers of the hole l̄, s, j̄ and the excited shell l. It should, however, be
noted that this equivalent operator is a bit elusive in that it has no algebraic
form but all characteristics properties manifest themselves in the formula.

The complete result for the quantity defined by the right-hand side of
(10.16) is

Z(μ, μ′) =
∑

KQ

XK
−Q(2K + 1)1/2(−1)K(2j̄ + 1)

∑

r

(2r + 1) (10.18)

×
∑

x

(−1)x(2x + 1)1/2(−1)j̄−m

(

j̄ r j̄
−m 0 m

)

×
(

K r x
−Q 0 Q

)

(−1)Jμ
−Mμ

(

Jμ x Jμ′

−Mμ Q Mμ′

)

×
∑

ab

(2a + 1)(2b + 1)(αμSμLμJμ‖W (a,b)x‖αμ′Sμ′Lμ′Jμ′)

×
∑

y

(2y + 1)

{

K r x
a b y

}

⎧

⎨

⎩

s l̄ j̄
s l̄ j̄
a y r

⎫

⎬

⎭

⎧

⎨

⎩

t l l̄
t l l̄
K b y

⎫

⎬

⎭

× (l̄‖r(1)C(1)‖l)(l‖r(1)C(1)‖l̄) ,

and this formula has been given in [34]. With s = 1/2, a = 0 and 1, while
b = 0, 1, . . . 2l. The variable y = 0, 1, . . . 2l̄ obeys triangle conditions with a, r
and also K, b. Subsequent simplifications in Sect. 10.7 give r = 0. The rank
K in (10.18) is determined by the rank t = 1 of the dipole operators and
the triangle condition gives K = 0 (scalar), 1 (dipole) and 2 (quadrupole).
Properties of 9j-symbols require a+y+r and K+b+y to be even for non-zero
values.

In equality (10.18) we harvest the results of applying graphical methods
and return to algebraic expressions, last used in (10.15) and (10.17). The full
algebraic form of the diagrams in Fig. 10.4 is not given explicitly, but main
ingredients are two 3jm-symbols and a product of two sums as in (10.12) on
p. 163. To estimate the value of the graphical method one should contemplate
on which route an algebraic derivation could arrive at the same result. In this
context, it is also not easy to see how to introduce the dependence on m in the
algebra. The next sections are devoted to a gradual removal of dependence
first on m in Sect. 10.7 and then on j̄ in Sect. 10.8 leading to the simpler
expressions (10.19) and (10.20), respectively.
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10.7 The Sum Over m

From the general result (10.18), or its graphical part Fig. 10.24, obtained in
the previous section we will remove dependence on m by a sum over the
same variable. In principle, we could return to Fig. 10.9 and proceed from
there, deriving the new result by a series of similar steps. It is, however, much
simpler and more instructive to use the general result as in Fig. 10.24 and
study effects introduced by the sum over m.

+ −−

−

K r

x

1, q′

Jµ′, Mµ′Jµ, Mµ

1, q

j̄

Fig. 10.26. The figure displays the top diagram of Fig. 10.24. The variable m
appears only in one 3jm-symbol

The diagram in Fig. 10.26 is a case of a closed diagram, the loop j̄, connected
by just one line to the rest, encountered in Sect. 7.4. The only value possible
is r = 0 with a removable node that forces x = K in other diagrams.

+ −K

1, q′ Jµ′, Mµ′

Jµ, Mµ1, q

j̄

Fig. 10.27. Two nodes have been removed and possible phase changes are not
recorded. The factor represented by the circular diagram will not be displayed in
subsequent figures

Two diagrams in Fig. 10.24 are affected by r = 0, a 6j-symbol and a 9j-
symbol. From Sect. 5.3 we gather that the 6j-symbol collapses into a simple
3j-symbol. Section 6.3 demonstrates that a 6j-symbol will remain after r = 0
is taken into account for the 9j-symbol.
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+ +

+

+

y → a

r = 0

a

x → K

b

K

+

−

a Kb

⇒

Fig. 10.28. The r = 0 and the corresponding two removable nodes are equivalent
to δx,K and δy,a. The sums over x and y lead to the replacements x → K and y → a

The right-hand side diagram is a 3j-symbol with the value 1, provided the
three angular momenta a, b and K obey the triangle condition.

+

− −

+ +

−

a s

s

j̄

j̄

r = 0

y ↔ a

l̄

l̄
+

+

+ +

a

s

s

j̄

l̄

l̄

⇒

Fig. 10.29. Here we consider the changes for the 9j-symbol. One removable node
is equivalent to δy,a and requires the replacement y → a. The 9j-symbol collapses
into a 6j-symbol

The sums over the variables r, x and y have been performed and we have
reached a simpler result, compared to the previous section, but the main
features are quite similar.
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1, q′ Jµ′, Mµ′
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−
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a
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s

j̄
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+

−

+

K

Jµ Jµ′

a

Sµ

Sµ′

b

Lµ′

Lµ

sS∗

Sµ′

s

aSµ b

l

l L∗

Lµ′

Lµ

a

K

b

l

l̄

1

l̄

l

1

Fig. 10.30. Replacements x → K and y → a are performed in the diagrams. From
the four 3jm-symbols only two remain after the sum over m. Note that we do not
keep track of the phase and the various factors (2a + 1) etc.
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(−1)K−Q

(

1 K 1
q −Q q′

)

(−1)Jμ−Mμ

(

Jµ K Jµ′

−Mµ Q Mµ′

)

{

Sµ Lµ Jµ

Sµ′ Lµ′ Jµ′

a b K

}

{

s a s
Sµ S∗ Sµ′

} {

l b l
Lµ L∗ Lµ′

}

{a b K}

{

s a s
l̄ j̄ l̄

}

{

1 l l̄
1 l l̄
K b a

}

Fig. 10.31. The diagrams from Fig. 10.30 are translated into their algebraic form.
Several 3nj-symbols are rearranged using their symmetry properties. Summations
over a and b are not displayed

From the marked terms in this figure we deduce that these terms can be
interpreted as signature of a matrix element of an equivalent tensor operator
between the states described by Jμ,Mμ and Jμ′,Mμ′. This interpretation
rests on the 3jm-symbol prescribed by the Wigner–Eckart Theorem for a
tensor operator TK

Q . The 9j-symbol and the two 6j-symbols are a signature

of the corresponding unit tensor W (a,b)K , provided one introduces sums over
L∗ and S∗ into the expression.

The bottom part of the diagram in Fig. 10.31 represents, in the framework
of our interpretation, the one electron reduced matrix element of the equivalent

tensor operator. We note that the 6j-symbol and the 9j-symbol contain the
single electron quantum numbers of the hole l̄, s, j̄ and the excited shell l.

The complete result for the quantity defined in (10.16) is
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Z(μ, μ′) =
∑

KQ

(−1)QXK
−Q

∑

a,b

(2a + 1)(2b + 1)(−1)b (10.19)

× (−1)Jμ
−Mμ

(

Jμ K Jμ′

−Mμ Q Mμ′

)

(αμSμLμJμ‖W (a,b)K‖αμ′Sμ′Lμ′Jμ′)

× (2j̄ + 1)(−1)s+l̄+j̄

{

l̄ a l̄
s j̄ s

}

⎧

⎨

⎩

l̄ l 1
l̄ l 1
a b K

⎫

⎬

⎭

(l̄‖r(1)C(1)‖l)(l‖r(1)C(1)‖l̄) .

This result has been used in [35] under the aspect that 0, 1 are the allowed
values for a. The expression can be different from zero for a+ b+K even, and
b = 0, 1, . . . , 2l.

10.8 The Sum Over j̄

As the last example of a choice for the restricted sum over the properties of the
intermediate state we consider the sum over the variable j̄. By this sum over
the two values of j̄ more information on the properties of the hole in the core
shell is removed and this is equivalent to using a single energy denominator
for all intermediate states, say in (10.15).

The shortest calculation of the sum over j̄ employs the result of the pre-
ceding section. From Fig. 10.30 we see that only the bottom left 6j-symbol
contains the variable j̄ and is, thus, the only element affected by a sum over j̄.
Material in Sect. 8.1.4 offers an independent, alternative route to obtain the
result. The sum produces essentially a condition δa,0, i.e., information on spin
states is deleted by the sum on j̄ and m.

+

+

+ +

a

s

s

j̄

l̄

l̄ ⇒ ++ sl̄ a = 0

Fig. 10.32. The sum over j̄ leads to the condition a = 0. The irrelevant details of
factors and phase are not displayed

The 3j-symbol in Fig. 10.30 for a = 0 signals another condition: as a con-
sequence we have b = K. From one of the 6j-symbols follows the condition
Sμ = Sμ′.
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Fig. 10.33. This is the modified version of Fig. 10.30 and we have replaced a by 0
and b by K. In principle the two 9j-symbols collapse into 6j-symbols but we prefer
the diagrams with one angular momentum zero here
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This is the simplest result leading to an equivalent tensor operating only on
orbital variables.

(−1)K−Q

(

1 K 1
q −Q q′

)

(−1)Jμ−Mμ

(

Jµ K Jµ′

−Mµ Q Mµ′

)

{

Sµ Lµ Jµ

Sµ′ Lµ′ Jµ′

0 K K

}

{Sµ S∗ s}
{

l K l
Lµ L∗ Lµ′

}

{0 K K}

{

1 l l̄
1 l l̄
K K 0

}

Fig. 10.34. The diagrams from Fig. 10.33 are translated into their algebraic form.
Several 3nj-symbols are rearranged using their symmetry properties

From the marked terms in this figure we deduce, as before, that these can be
interpreted as signature of a matrix element of an equivalent tensor operator.
The 9j-symbol and the 6j-symbol are a signature of the corresponding unit
tensor W (0,K)K . All properties of the core hole have been removed.

The complete result for the quantity defined in (10.16) is, in this approxi-
mation,

Z(μ, μ′) =
∑

KQ

XK
−Q(2K + 1)1/2

×(−1)Q(−1)Jμ
−Mμ

(

Jμ K Jμ′

−Mμ Q Mμ′

)

(10.20)

×(αμSμLμJμ‖W (0,K)K‖αμ′Sμ′Lμ′Jμ′)

×(2s + 1)1/2

{

1 K 1
l l̄ l

}

×(l̄‖r(1)C(1)‖l)(l‖r(1)C(1)‖l̄) .

This result is used in [36] but instead of the unit tensor W (0,K)K the derivation
employs the closely related unit tensor V (K) as given in [7].
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Confirmation via a Different Route

In this section we return now to Fig. 10.9 and, as a final example of the
graphical method, demonstrate the direct route by introducing the sum over
j̄ in this diagram.
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+
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+

+

−

−

−

+

−

+

K

s

Sµ

j̄

l̄

l

1, q

1

Jµ, Mµ

Lµ

s

S∗

Sµ′

L∗

l̄

l

1, q′

1

Jµ′, Mµ′

Lµ′

Fig. 10.35. In preparation for the sum over j̄ the directions of the s- and the l̄-line
have been reversed on the left-hand side

To facilitate analysis of the changes in the diagram, all nodes remain at their
positions in the next figure.
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+
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+

K

Sµ

s

l̄

l

1, q

1

Jµ, Mµ

Lµ

S∗

Sµ′

L∗

l

1, q′

1

Jµ′, Mµ′

Lµ′

Fig. 10.36. The sum has reconnected the s- and the l̄-line from the right to the
left of the diagram

It is, perhaps, not easy to see at once, but the lines for the variables S∗ and
s form a sub-diagram connected to the main body by just two lines. The rule
for such a separation has been given in Sect. 7.5, but the quadrangular is not
kept here. The two-line separation will impose the condition Sμ = Sμ′ and
will lead to a 3j-symbol for the angular momentum lines of Sμ, S∗ and s.
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l̄
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1, q

1

Jµ, Mµ

Lµ

Sµ

S∗

s

L∗

l

1, q′

1

Jµ′, Mµ′

Lµ′

Fig. 10.37. The diagram resulting from the two-line separation is at the bottom
right of the figure

A three-line separation for Jμ,K and Jμ′ combines the external lines in two
3jm-symbols. The resulting 12j-diagram turns out to be separable.
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l

1

Lµ′

Fig. 10.38. After the three-line separation the lower part of the diagram in
Fig. 10.37 is rearranged. Note the node sign changes in the lower part of the diagram

The three angular momentum lines Lμ,K and Lμ′ are set for the next three-
line separation.
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Fig. 10.39. A 6j-symbol has been separated from the main diagram

The outer triangle is shifted upward in the bottom diagram consisting of two
linked triangles.
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1

Lµ
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L∗

l

1

Lµ′

Lµ′

Fig. 10.40. The two triangles are joined by three lines and can be separated

At this point we can foresee that an additional three-line separation is the
final simplification required for this diagram.
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l̄

1

Sµ S∗ s

1

Fig. 10.41. The 9j-diagram has been separated into two 6j-symbols

Several line reversals and node sign changes are required to bring the 6j-
symbols into their appropriate form.
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K

1 1

Sµ S∗ s

Fig. 10.42. All three 6j-symbols have been transformed into their prescribed form
which can be translated into the corresponding algebraic expression

This diagram is directly comparable to the result displayed in Fig. 10.33 where
both 9j-symbols have a zero angular momentum line. These 9j-symbols can
be transformed into the 6j-symbols found in Fig. 10.42 here. This concludes
our demonstration that both graphical treatments arrive at the same result,
as given in (10.20).
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A

Properties of Spherical Tensor Operators

Our exposition of graphical methods for coupling coefficients has been com-
piled in anticipation of its application in calculations directed at problems
in the physical sciences. As a demonstration we have included a non-trivial
example as Chap. 10. In this example matrix elements of spherical tensor ope-
rators play a central role, and the close association with coupling coefficients
becomes obvious. In order to facilitate access and a deeper understanding of
the calculation in Chap. 10 , we highlight here some definitions and properties
of spherical tensor operators and their matrix elements.

While the basic concepts involved in calculations of matrix elements are
firmly established, there is not, and never has been, consensus in the published
literature about issues that are a matter of convention and choice. These issues
must be taken seriously, however, for calculations can lead to error if such
conventions are not consciously adopted and adhered to consistently. Notable
examples are the order in the coupling of spin and orbital angular momentum
(for the so-called SL-coupling, or Russell–Saunders coupling, we choose s-l
here, as opposed to l-s coupling order), the phase of spherical harmonics (we
follow Condon and Shortley [2]) and the definition of a Hermitian spherical
tensor operator (we follow Racah [3]).

A.1 Spherical Components

The transition from Cartesian components to spherical components results
from a different choice of (complex) base vectors for the representation of
vectors or tensors. The main advantage of spherical components lies in the pro-
perty described by the Wigner–Eckart Theorem. We will consider two vector
operators R and J , which differ in their symmetry properties, as introductory
examples.

Spherical components of a (polar) vector R = (x, y, z) are taken to be
R0 = z,R+1 = −(x + iy)/

√
2, R−1 = (x − iy)/

√
2. Since x, y and z are real

the spherical components are related by (Rq)
∗ = (−1)qR−q. We note that the
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angular part of R is proportional to a spherical harmonic rq = rC
(1)
q , where

C
(1)
q =

√

4π/3Y 1
q . The spherical components of the operator of the total

angular momentum J , which is an axial or pseudo- vector are completely
analogous with J0 = Jz and J±q = ∓(Jx ± iJy)/

√
2.

A.2 Time Reversal Operator θ

Essential symmetry properties of tensor operators are their behaviour under
inversion, time-reversal, rotation etc. The convention for the influence of the
reversal of the direction of time t → −t is adopted from an analogy with the
behaviour of eigen-functions, ψ, under time-reversal. These eigen-functions,
being associated with solutions of a Schrödinger equation, may be simply
replaced by their complex conjugates, i.e., ψ(r, t) → ψ∗(r,−t). In addition,
we adopt the convention that the time-signature of a variable is the sign in the
relation between time-reversal and complex conjugation. Since the two opera-
tions applied separately to spherical components Rq give identical results, the
time-signature = +1, per definition.

Although the Cartesian components of J are Hermitian this is no longer
true for the spherical components, in fact, (Jq)

+ = (−1)qJ−q. With reversal
in the direction of time these components change sign, of course. Let the time-
reversal operator be denoted by θ; then θJxθ−1 = −Jx with other components
of J behaving in the same way. The operator θ includes the operation of
complex conjugation and θJqθ

−1 = (−1)1+qJ−q leads to {θJqθ
−1}+ = −Jq.

The operator θ is antilinear and antiunitary by which we mean, first,
θ(cψ) = c∗(θψ). For the second property a different notation is often used ex-
pressing a matrix element as a scalar product of two state vectors, 〈ψ|B|φ〉 ≡
(ψ,Bφ), because the action of θ on a bra can be seen more clearly. Thus,
secondly, an arbitrary operator B satisfies (θψ, θBφ) = (ψ,Bφ)∗ and from
this property one arrives more or less directly at,

(ψ,Bφ) = (θψ, {θBθ−1}θφ)∗ = (θφ, {θBθ−1}+θψ) (A.1)

where θψ and θφ change place in the last equality. Within the usual notation
one would have,

〈ψ|B|φ〉 = 〈θψ|θBθ−1|θφ〉∗ = 〈θφ|{θBθ−1}+|θψ〉 , (A.2)

and we set this aside for later use.

A.3 Wigner–Eckart Theorem

The Wigner–Eckart Theorem gives for a matrix element 〈jm|BK
Q |j′m′〉 of a

spherical tensor operator BK
Q , with integer rank K and projection Q(−K ≤

Q ≤ K),
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〈jm|BK
Q |j′m′〉 = (−1)j−m

(

j K j′

−m Q m′

)

(j‖BK‖j′) . (A.3)

The reduced matrix element (j‖BK‖j′) can be complex and it is not Hermi-
tian. Using in (A.3) our definition of a Hermitian spherical tensor operator,
(BK

Q )+ = (−1)QBK
−Q, we find (j‖BK‖j′) = (−1)j′

−j(j′‖BK‖j)∗. The 3j-
symbol in (A.3) is invariant with respect to inversion of spatial co-ordinates,
(x, y, z, ) → (−x,−y,−z), and the parity of the matrix element on the left-
hand side is the parity of the reduced matrix element. The parity opera-
tor commutes with the rotation operator, because rotations are generated by
parity-even operators Jα. Thus states that differ only in projection have the
same parity.

A tensor product of two operators, uk
q and vk′

q′ , is

{uk ⊗ vk′}K
Q =

∑

qq′

(kqk′q′|KQ)uk
qvk′

q′ . (A.4)

The Clebsch–Gordan coefficient in (A.4) is related to a 3j-symbol, see (2.1).
If the two operators commute
[

{uk ⊗ vk′}K
Q

]+

= (−1)k+k′+K+Q{uk ⊗ vk′}K
−Q .

For non-commuting operators it is safer to use a symmetrized product,

{uk ⊗ vk′

+ vk′ ⊗ uk}K
Q = BK

Q , (A.5)

that automatically satisfies our convention (BK
Q )+ = (−1)QBK

−Q.
The definition (A.4) follows the standard rule for coupling state vectors

|jm〉 and |j′m′〉 to form |JM〉, namely,

|JM〉 =
∑

mm′

|jm〉|j′m′〉(jmj′m′|JM) . (A.6)

A.4 Time Reversal and Parity

The time reversal operator applied to |jm〉 must reverse the sign of the projec-
tion, akin to the effect of an applied magnetic field. We choose the convention
θ|jm〉 = (−1)j−m|j,−m〉 for then |JM〉 in (A.6) behaves with respect to θ in
the same way as the two state vectors from which it is formed.

The operator θ so defined is the product of an operator that takes the
complex conjugate of a c-number and the operator exp(−iπJy), which effects
a rotation by π about the y-axis. Observe that θ2|jm〉 = (−1)2j |jm〉 = ±|jm〉
where the upper sign is for integer j and the lower sign is for half-integer j.
When the Hamiltonian of the system commutes with θ and j is half-integer,
we conclude that while |jm〉 and θ|jm〉 must have the same energy they
correspond to distinct states, i.e., there is two-fold degeneracy (also called
Kramer’s degeneracy). The degeneracy can be lifted by application of a time-
odd field.
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A number of interesting and useful results emerge from an interpretation
of the closure relation for angular momentum states,

∑

jm

|jm〉〈jm| = 1 . (A.7)

Looking for 〈jm| expressed in terms |jm〉 we treat the bra and ket as tensor
operators with (A.7) a statement about the product of two tensors. The right-
hand side of (A.7) is a scalar and, therefore, invariant under rotations. Such a
quantity is proportional to a multipole of rank 0, a monopole. Our definition of
a product of two tensors uk and vk′

is given in (A.4) and a monopole operator
is obtained by taking K = Q = 0. Use of (2.8) yields k′ = k, q′ = −q, and,

∑

q

(−1)k−quk
qvk

−q =
√

(2k + 1){uk ⊗ vk}0
0 = invariant . (A.8)

Comparison of (A.7) and (A.8) suggests that we adopt the rule 〈jm| =
(−1)j−m|j,−m〉.

In addition, we interpret the bra to mean the time-reversed ket. This inter-
pretation is suggested, as we have seen in Sec. A.2, by the fact that solutions of
the Schrödinger equation satisfy ψ∗(r, t) = ψ(r,−t), and one equates ψ∗(r, t)
to a bra state.

We note that rotation of the ket |jm〉 by 180◦ about the y-axis generates
(−1)j−m|j,−m〉. Specifically, exp(−iπJy)|jm〉 = (−1)j−m|j,−m〉 where Jy

is the y-component of the angular momentum operator. This identity plays
the central role in some discussions of time-reversed states in which the time-
reversal operator, θ, is the product of exp(−iπJy) and the operator for complex
conjugation. Thus θ(c|jm〉) = c∗(−1)j−m|j,−m〉 where c is a classical (c-)
number. Above we have elected to use this definition of the operator for time
reversal.

At the end of Chap. 3 we have indicated that the properties of the 3jm-
symbols, as well as the algebra of angular momentum states encourage the
definition a metric tensor,

(

j
m m′

)

= (−1)j−mδm,−m′ , (A.9)

which leads to the relation
∑

m′

|jm′〉
(

j
m m′

)

=
∑

m′

|jm′〉(−1)j−mδm,−m′

= (−1)j−m|j,−m〉 = 〈jm| . (A.10)

Here we have applied the rule 〈jm| = (−1)j−m|j,−m〉 and from (A.7) and
(A.10) one has,

∑

m,m′

|jm〉|jm′〉
(

j
m m′

)

= invariant . (A.11)
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However, in the main body of our text on the graphical method for coupling
angular momenta we found no need to introduce the concept of metric tensor.

In the presence of spin, a relativistic quantity, application of time-reversal,
θ, and parity, Pπ, are conjugate operations that reverse signs of the four
variables x, y, z, and t. Accordingly, the general form of our convention is
Pπθ|jm〉 = (−1)j−m|j,−m〉, or θ|jm〉 = (−1)j−mP−1

π |j,−m〉.

A.5 Reduced Matrix Elements

For an operator, B, with definite parity PπBP−1
π = σπB where σπ = ±1

according to whether B is parity-even (σπ = +1) or parity-odd (σπ = −1).
Let B also have a definite time signature, σθ, and define σθ as we have through
{θBθ−1}+ = σθB. Using these definitions in the previously mentioned identity
for a matrix element of B in terms of time-reversed states θ|jm〉, we find the
reduced-matrix element of B must satisfy,

(j‖BK‖j′) = (−1)Kσπσθ(j‖BK‖j′)∗ , (A.12)

and thus,

(j′‖BK‖j) = (−1)j′
−j(−1)Kσπσθ(j‖BK‖j′) . (A.13)

Note that (−1)j−j′

= (−1)j′
−j . By way of an application of this important

condition we shall consider the reduced matrix element of the position vari-
able.

For the variable Rq, K = 1 (dipole), σπ = −1 (parity-odd or a polar
vector) and σθ = +1 (time-even) and (A.12) tells us that the reduced matrix
element (j‖R‖j′) is purely real, which is a standard convention. The explicit
result is,

(lj‖R‖l′j′) = (−1)l′+j−1/2[(2j + 1)(2j′ + 1)]1/2(l‖R‖l′)
{

l j 1/2
j′ l′ 1

}

, (A.14)

with,

(l‖R‖l′) = (−1)l−l′(l′‖R‖l) = (−1)l|R|[(2l + 1)(2l′ + 1)]1/2

(

l 1 l′

0 0 0

)

. (A.15)

Here we have expanded quantum labels to explicitly show orbital angular
momentum, l, for the state |jm〉. It is evident from (A.15) that a non-zero
reduced matrix element has l + l′ equal to an odd integer. Note that (A.14)
and (A.15) demonstrate the relation we derived earlier between (j‖BK‖j′) and
(j′‖BK‖j). (The result (A.14) is correct for s-l coupling; the corresponding
result for l-s coupling has a different phase factor in which l and j′ replace l′

and j in (A.14).)
Similarly, the reduced matrix element of total angular momentum, Jq, is

purely real, which is again a standard convention. For this variable, K = 1
(dipole), σπ = +1 (parity-even or an axial vector) and σθ = −1 (time-odd).
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We have, using h̄ = 1,

(l‖L‖l′) = δl,l′ [l(l + 1)(2l + 1)]1/2 , (A.16)

and,

(1/2‖S‖1/2) =

√

3

2
, (A.17)

together with,

(j‖J‖j′) = δj,j′ [j(j + 1)(2j + 1)]1/2 . (A.18)

Off-diagonal matrix elements of the magnetic moment μ = L + 2S = J + S

are, j �= j′,

〈jm|μ|j′m′〉 = 〈jm|S|j′m′〉 = −〈jm|L|j′m′〉 , (A.19)

with reduced matrix elements,

(lj‖S‖lj′) = (−1)l+j′
−1/2[(2j + 1)(2j′ + 1)]1/2

√

3

2

{

1/2 j l
j′ 1/2 1

}

, (A.20)

and,

(lj‖L‖l′j′) (A.21)

= (−1)l′+j−1/2[(2j + 1)(2j′ + 1)]1/2(l‖L‖l′)
{

l j 1/2
j′ l′ 1

}

.

In (A.21) l = l′ because of the reduced matrix element of L given in (A.16).

A.6 Equivalent Operators

When tackling physics problems it is often useful to employ operators with
particularly convenient mathematical properties, e.g. if they operate on their
eigen-states. The ability to use such equivalent operators is one outcome of
the Wigner–Eckart Theorem (A.3). Thus values of a time-even, parity-even
quadrupole (K = 2) can be deduced from matrix elements of symmetrized
products of Jα. (This is, however, only true for matrix elements between
states |JM〉 for a fixed value of J as can be seen in (A.18)). In other cases a
little more ingenuity is required in selection of such operators.

In nuclear physics, for example, there is interest in a spherical tensor of
rank K = 1, termed anapole moment, which is time-odd and parity-odd.
Following Zel’dovich [38], one may use the vector product of spin and position,
(S×R) = −(R×S), for the anapole. Note from (A.12) that the corresponding
reduced matrix element is purely imaginary. From an explicit calculation one
obtains the result,

(lj‖(S × R)‖l′j′) (A.22)

= 3i(−1)j+j′

[(2j + 1)(2j′ + 1)]1/2(l‖R‖l′)

⎧

⎨

⎩

j l 1/2
j′ l′ 1/2
1 1 1

⎫

⎬

⎭

,
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which indeed is purely imaginary. Observe that (A.22) obeys

(j‖(S × R)‖j′) = −(−1)j′
−j(j′‖(S × R)‖j) ,

since interchange of two rows in the 9j-symbol creates a factor (−1)l+l′+j+j′

=
−(−1)l+l′+j−j′

, and this finding complies with our general condition (A.13)
for reduced matrix elements.

An alternative for the anapole operator is (J × R) − (R × J) = i[J2,R].
However, with J2|jm〉 = j(j + 1)|jm〉 this operator has no matrix element
between states restricted to a single j-manifold and therefore the operator
has limited value. In particular, it can not be used for a coherent discussion
of the corresponding operator with K = 0 (monopole), because off-diagonal
matrix elements of a scalar vanish. Thus one might consider constructing the
anapole operator with the orbital angular momentum, L, in place of J , but
closer examination reveals L · R = 0 which rules L out of a discussion of the
monopole. On reflection, a pellucid account of both the monople and anapole
can be achieved with R and the magnetic moment μ = L + 2S = J + S,
which has obvious physical bearing. As noted, the reduced matrix element of
a monopole can only exist for j = j′ and the result is,

(lj‖(μ · R)‖l′j) = (−1)l′+j−1/2[6(2j + 1)]1/2(l‖R‖l′)
{

l 1/2 j
1/2 l′ 1

}

. (A.23)

The result (A.23) is purely real, of course, and it satisfies

(lj‖(μ · R)‖l′j) = (l′j‖(μ · R)‖lj) ,

as it must. Note μ · R = R · μ = 2S · R since L · R = 0.

A.7 Many Electron Unit Tensors

In the remaining part of the Appendix, we look at the matrix element of a
tensor operator for several electrons in an atomic shell. The shell has angular
momentum l that may accommodate 2(2l + 1) equivalent electrons, and
all electrons have spin s = 1/2 and orbital angular momentum l. The task
of calculating a matrix element is easy because tables exist for d- and f-
electron states of so-called unit tensors, which are sums of fractional parentage
coefficients, see e.g. [35].

If we create a tensor product of rank K from operators that work on the
spin, za, and orbital, yb, variables, following (A.4), the reduced matrix element
of the tensor product is,

(s‖za‖s)(l‖yb‖l)W (a,b)K , (A.24)

where W (a,b)K is the unit tensor. The reduced matrix element of rank b = 0
is (l‖y0‖l) =

√
2l + 1 and the same expression applies for a = 0, namely,

(s‖z0‖s) =
√

2. We give an application of the unit tensor before listing some
of its properties.
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Let us consider the spatial Fourier transform of the electron spin-density,
which is a quantity that arises in diffraction by an ion. We work with a one-
electron operator,

eik·Rs = 4π
∑

KQ

iKjK(kR)Y K
Q (k̂)∗sY K

Q (R̂) , (A.25)

where the right-hand side is reached by a standard identity. The sum is over
all positive integer values of K including 0, −K ≤ Q ≤ K, k̂ and R̂ are unit
vectors and jK is a spherical Bessel-function. If we label an equivalent electron
by i the angular part of the required many-electron operator is,

fK′

Q′ =
∑

i

(sq)iY
K
Q (R̂i)(1qKQ|K ′Q′) . (A.26)

Application of (A.24) gives for the reduced matrix-element of fK′

Q′ the result,

(J‖fK′‖J ′) =

√

3

2
(l‖Y K‖l)W (1,K)K′

, (A.27)

which is used in,

〈J |fK′

Q′ |J ′〉 = (−1)J−M

(

J K ′ J ′

−M Q′ M ′

)

(J‖fK′‖J ′) . (A.28)

A value of (A.27) for one electron is quite readily derived and its value con-
forms to the unit tensor for one electron obtained from the general expression
(A.33).

It should be evident in (A.24), (A.27) and (A.28) that we use an abbre-
viated notation in which the quantum numbers of the shell, including total
spin, S, total angular momentum, L, and seniority are not displayed. The
rank K of W (a,b)K satisfies the triangle relation |a − b| ≤ K ≤ a + b, while
|S −S′| ≤ a ≤ S +S′, and |L−L′| ≤ b ≤ L+L′. These relations are manifest
in the link between W (a,b)K and a second useful unit-tensor W (a,b), namely,

W (a,b)K =

{

(2J + 1)(2K + 1)(2J ′ + 1)

(2a + 1)(2b + 1)

}1/2
⎧

⎨

⎩

S S′ a
L L′ b
J J ′ K

⎫

⎬

⎭

W (a,b) . (A.29)

The 9j-symbol with S = S′, L = L′, and J = J ′ exists for even a + b + K.
The physical significance of W (a,b) is best seen through the equivalence of

matrix elements in the J,M basis and the S,L basis. One passes from one
basis to the other basis using,

(−1)J−M

(

J K J ′

−M Q M ′

)

W (a,b)K (A.30)

=⇒ (−1)a+b+Q

{

2K + 1

(2a + 1)(2b + 1)

}1/2

W (a,b)
∑

mn

(

a K b
−m Q −n

)

×(−1)S−MS

(

S a S′

−MS m M ′

S

)

(−1)L−ML

(

L b L′

−ML n M ′

L′

)

.
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It is a simple matter to obtain the reduced matrix-element of S in terms of
W (1,0) and the reduced matrix-element of L in terms of W (0,1) from (A.30).

A matrix element of the spin-orbit interaction in a shell is,

〈JM |
∑

i

(s · l)i|J ′M ′〉

= − 3√
2
(l‖L‖l)W (1.1)0(−1)J−M

(

J 0 J ′

−M 0 M ′

)

. (A.31)

The 3j-symbol is zero unless J = J ′ and M = M ′ in keeping with expectation
for the matrix element of a scalar operator, of which (A.23) is a previous
example.

For one electron,

W (a,b) =
√

[(2a + 1)(2b + 1)] , (A.32)

while,

W (a,b)K =
√

[(2J + 1)(2K + 1)(2J ′ + 1)]

⎧

⎨

⎩

1/2 1/2 a
l l b
J J ′ K

⎫

⎬

⎭

. (A.33)

For use of (A.33) in (A.27) take a = 1 and b = K.
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List of Diagrams

B.1 3jm-Symbols

In each of the following figures a 3jm- or Wigner-symbol, often with a phase
factor, is opposed to two graphical equivalents. The diagrams consist of one
node and three directed lines, each belonging to one of the angular momenta
of the 3jm-symbol. The node sign is negative if a → b → c corresponds to
a clock-wise cyclic order in the diagram and vice versa. The direction of the
angular momentum lines goes into the node if the projection in the 3jm-
symbol is negative and out from the node for a positive projection.

(−1)a−α

(

a b c
−α β γ

)

= −

a, α

b, β

c, γ +

a, α

b, β

c, γ

Fig. B.1. 3jm-symbol I: one ingoing and two outgoing lines

(−1)b−β+c−γ

(

a b c
α −β −γ

)

= −

a, α

b, β

c, γ +

a, α

b, β

c, γ

Fig. B.2. 3jm-symbol II: one outgoing and two outgoing lines
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(

a b c
α β γ

)

= −

a, α

b, β

c, γ +

a, α

b, β

c, γ

Fig. B.3. 3jm-symbol III: three outgoing lines

(−1)a−α+b−β+c−γ

(

a b c
−α −β −γ

)

−

a, α

b, β

c, γ +

a, α

b, β

c, γ

Fig. B.4. 3jm-symbol IV: three ingoing lines

The 3jm-symbols constitute the basic building block from which all other
higher rank symbols can be constructed.

B.2 Special Diagrams with Two-Line Nodes

The diagrams collected in this list represent factors appearing frequently in
diagrams as a result of separation or summation. Except for the first, the dia-
grams are, in fact, abbreviated versions of the diagrams with zero-lines given
in the figures. Each figure shows a diagram that results from the following
diagram by removing one node.

(2a + 1) =

a

Fig. B.5. Nodeless and directionless diagram. The gap in the circle is a remnant
of the removed node
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√
2a + 1 =

+

a

abbreviated form of

+

a

0

Fig. B.6. Diagram with a single two-line node

δa,b =

+

+

a b abbreviated form of

+

+

a b
0

0

Fig. B.7. Diagram with two two-line nodes

δa,bδb,c√
2a + 1

=

+

+

+b

ca
abbreviated form of

+

+

+b

ca

0

0

0

Fig. B.8. Triangular diagram with three two-line nodes

δa,bδb,cδc,d

(2a + 1)
=

+

+ +

+

a

b

c

d

abbreviated form of

+

+ +

+

a

b

c

d

0

0
0

0

Fig. B.9. Quadrangular diagram with four two-line nodes
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B.3 Specific 3nj-Symbols

The 3nj-symbols listed here are represented by closed diagrams with 2n nodes
connected by 3n angular momentum lines. The definitive diagrams are char-
acterized by specific node signs and line directions. In the case of n = 4 two
kinds of symbols exist, for each of which two diagrams have been defined.

+{a b c} = 1∆{a,b,c} −b

c

a

Fig. B.10. Simplest closed diagram with a value of 1 if the three angular momenta
fulfil the triangle condition. In analogy with other 3nj-symbols it is represented by
{a b c} as shown in Fig. 4.6

{

a b c
d e f

}

=

+

+

++

f

d

e
a

b c

Fig. B.11. All node signs of the 6j-symbol are positive. The angular momenta of
the bottom row constitute the outside of the triangle in anti-clockwise direction.
The angular moments of the top row go out from the central node to the opposite
corner node as shown in Fig. 5.2

{

a b c
d e f
k l m

}

=

+

−

+

−

+

−
a

b

c

d

e

fk

l

m

Fig. B.12. The diagram for the 9j-symbol is a hexagon with alternative positive and
negative nodes. Each of the positive nodes is attached to three angular momentum
lines directed at the negative nodes as shown in Fig. 6.2
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{

e h f b
l k d a

p g q c

}

=

− +

+ −

+ −

− +

h g

k
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p

q f

b

d

e

a

c

Fig. B.13. The diagram of the 12j(I)-symbol (first kind) as shown in Fig. 8.59
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}

=

+ +

+ +

+ +

+ +

h

g

k l

pq

f

b

d

e

a

c

Fig. B.14. Alternative form of the diagram for the 12j(I)-symbol (first kind) as
shown in Fig. 8.62
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⎧
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⎨

⎪
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− r a c
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h g − q
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⎪

⎭
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d

b c

a

e

p

f g

q

h

r

s

Fig. B.15. Diagram for the 12j(II)-symbol (second kind) as shown in Fig. 8.45
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⎪
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=
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+ −

d
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f g

q

h

rs

Fig. B.16. Alternative form of the diagram for the 12j(II)-symbol (second kind) as
shown in Fig. 8.47



B.4 Diagram Notation 219

B.4 Diagram Notation

+ − Signed nodes, unsigned node

−!
Change of node sign due to a change of the
cyclic arrangement of lines is indicated by ‘!’

− +
Direct change of a node sign that results in a
contribution to the phase

+ −a
Directed node connection for angular momen-
tum a with projection α. Summation on α is
implied

+ −a

Directed node connection for angular momen-
tum a with an antiparallel arrow indicating
the intended change of direction

+ −a

Double-line node connection indicating a sum
over angular momentum a (and also α). Sum-
mation on an angular momentum a implies a
factor 2a + 1

Change of line direction for an external line

⇒ =⇒ Indicator for the direction of development
within one figure



C

List of Symbols

j, j1, j2, j3, . . . angular momentum variables with inte-
ger and half-integer values

m, m1, m2, m3, . . . projections or magnetic quantum num-
bers of angular momentum variables

a, b, c, . . . alternative notation of angular momen-
tum variables

α, β, γ, . . . alternative notation of projections or
magnetic quantum numbers

J ,M total angular momentum and projec-
tion achieved by coupling

(j1m1j2m2|JM) Clebsch–Gordan coefficient

(

j1 j2 J
m1 m2 −M

)

3jm-symbol, Wigner-coefficient

〈j1m1|, 〈JM |,
|j1m1〉, |JM〉 bra- and ket-states with angular mo-

mentum quantum numbers

(

j
m m′

)

metric tensor
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△{j1, j2, J} triangle condition

δj1,j2 , δm1,m2
Kronecker-δ symbols

n! = 2 × 3 . . . × n, factorial

|[(j1, j2)j12, j3]J〉 ordered coupling-sequence

{j1 j2 j3} 3j-symbol with value 1△{j1,j2,j3}

{

j1 j2 j3
j4 j5 j6

}

6j-symbol

⎧

⎨

⎩

j1 j2 j3
j4 j5 j6
j7 j8 j9

⎫

⎬

⎭

9j-symbol

TK
Q , tKQ , ua

α, vb
β spherical tensor operators of rank K . . .

and projection Q . . ., rank and projec-
tion take integer values

〈αSLJM |TK
Q |α′S′L′J ′M ′〉 many-electron matrix element

α, S, L, J , M quantum numbers specifying the initial
state with spin S, orbital momentum L
and total angular momentum J , projec-
tion M ; note that α takes, if necessary,
in this context the role of an additional
quantum label

α′, S′, L′, J ′, M ′ quantum numbers for the final state

αη, Sη, Lη, Jη, Mη quantum numbers for an intermediate
state

α∗, S∗, L∗, J∗, M∗ quantum numbers for a valence state

s, l̄, j̄, m quantum numbers for a core state

(αSLJ‖TK‖α′S′L′J ′) reduced many-electron matrix element
in the Wigner–Eckart Theorem
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W (a,b)K unit many-electron tensor operator for
coupled states

W (a,b) unit many-electron tensor operator for
SL-states

(s‖ua‖s) reduced single-electron spin matrix ele-
ment

(s‖vb‖l) reduced single-electron orbital matrix
element

(lnαSL{|ln−1α∗S∗L∗) fractional parentage coefficient

f(μ, μ′) scattering amplitude for initial and fi-
nal equilibrium states μ and μ′, respec-
tively

Eμ,Eμ′

energy of initial and final state

Eη,Γη energy and width of the intermediate
state

h̄ω x-ray photon energy

ε · ri scalar product of the polarization vec-
tor ε with the position vector of the i-th
electron

XK
Q spherical tensor constructed by cou-

pling the initial and final polarization

{ua
α ⊗ vb

β}K
Q tensor product of rank K, projection Q

of ua
α and vb

β



Index

3j-symbol, 35, 124

3jm-symbol, 7, 164

algebraic formula, 9

even permutation, 8

identity, 31, 34

mirror operation, 15

odd permutation, 8

orthogonality properties, 8

orthogonality relations, 31

properties, 7

symmetry properties, 8

with zero-line, 14

3nj-symbol, 10, 35

graphical representation, 11

properties, 10

6j-symbol, 10, 121, 160, 163, 180

definition, 41

graphical representation, 43

permutation of columns, 44

properties, 41–47

symmetry properties, 43

with zero element, 45

9j-symbol, 10, 160, 163, 177

definition, 49

graphical representation, 50

properties, 49–53

symmetry properties, 51

with zero element, 52

12j-symbol, 94, 97, 164

(I), 98, 106, 109, 115

12j-symbol(I)

graphical representation, 106, 109,
116

12j-symbol(II), 98
graphical representation, 97, 98

21j-symbol, 177
0-line, see zero-line

anapole operator, 208
angular momentum

sum over, 31
angular momentum line, see line
arrow, see line
atomic tensor operator, see equivalent

tensor operator

Clebsch–Gordan coefficient, 7, 8, 122,
160

closed diagrams, 73–117
sum with 3j-symbol, 73, 75
sum with 6j- and 9j-symbol, 88
sum with 6j-symbol, 76, 78, 81
sum with 9j- and two 6j-symbols,

103, 109
sum with two 6j-symbols, 82, 85
sum with two 9j-symbols, 93

contraction, see line contraction
cork screw rule, see node sign
coupling scheme, 10
cyclic order, see cyclic arrangement

diagram
circular, 13, 23
closed, 13, 21
deformation, 43, 56
equivalent, 43
general principles, 55



226 Index

joining, 66, 69
one-node, 13
quadrangular, 13, 21, 39
rotation, 13
separation, 60, 66
transformation, 56
triangular, 13, 14, 21, 23, 39, 60
two-node, 13

equivalent operator, 208
anapole, 208
monopole, 209

equivalent tensor operator, 166, 184,
189, 192

fractional parentage, 161, 185

general principles, 55–71
deformation, 56
five-line separation, 69
four-line separation, 67
multiplication convention, 55
one-line separation, 57
summation procedure, 61

variation, 62
three-line joining, 66
three-line separation, 63
transformation, 56
two-line contraction, 60
two-line separation, 58

graphical elements
notation, 56

internal line
summation convention, 33

irreducible tensor, see spherical tensor

line
contraction, 33
cyclic arrangement, 13, 15
deformation, 13
external, 37, 120
free line, 14
ingoing, 11, 12
outgoing, 11, 12
single external, 17, 19
single internal, 23, 57

line contraction, 33, 38, 58, 60, 61, 63,
64

line reversal
external line, 25

ingoing, 26
outgoing, 26

internal line, 24, 25, 63
phase factor, 25, 36, 44, 58

phase factor, 25

magnetic quantum number, see

projection
metric tensor, 30, 206, 207
monopole operator, 206, 209
multiplication convention, 55

negative projection
phase factor, 12

node, 11
two-line, 13, 19, 36
zero-line, 13, 36, 45, 46, 59

removal, 15
node removal, 57, 63

phase change, 20
node sign

change, 13
cork screw rule, 13
direct change, 15, 16

notation, 16
explicit change, 15
implicit change, 15
indirect change, 15, 32

notation, 51
negative, 11
positive, 11

node sign change
phase factor, 25

one-node diagram, see diagram
open diagrams, 119–157

product formula for two 3jm-symbols,
146

sum with four 3jm-symbols I, 126
sum with four 3jm-symbols II, 129

variation, 133
sum with six 3jm-symbols, 136

variation, 143
sum with three 3jm-symbols, 122
sum with two 3jm-symbols, 119

quadrangular diagram, see diagram
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reduced matrix element, see spherical
tensor operator

Russell–Saunders coupling, see

SL-coupling

separation
five line, 69
four line, 67
of 9j-symbol, 99
three line, 63, 130
two line, 58

SL-coupling, 10, 160, 163, 203
spherical tensor, 159

coupled, 159
projection, 159
rank, 159

spherical tensor operator, 159, 160, 203
equivalent operator, 208
matrix element, 160
reduced matrix element, 160, 205, 207
tensor product, 205
Wigner–Eckart Theorem, 160, 164,

171, 189, 204
summation convention

internal line, 33
summation procedure, 61, 105

variation, 62

symmetry properties
parity, 205
time reversal, 204
time reversal operator, 204

time reversal, see symmetry properties
time reversal operator, 204
triangle condition, 7, 35
triangular diagram, see diagram
two-node diagram, see diagram

unit tensor, 160, 185, 192, 209
W (a,b)K , 160, 189, 209
W (a,b), 161, 210

Wigner coefficient, 7
Wigner symbol, 7
Wigner–Eckart Theorem, 119, 146, 160,

164, 167, 171, 174, 185, 189

x-ray absorption, 162
E1-process, 162
electric dipole operator, 162

x-ray scattering, 164
E1-E1-process, 164
resonance enhanced, 164
scattering amplitude, 164
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